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The t h e s i s  deve lops  {a s imple  t echn ique  f o r  p r e l i m i -  
nary mis s ion  p l a n n i n g  based  on t h e  t ime-dependevt o r b i t a l  
geometry o f  t h e  launch and t a r g e t  p l a n e t s )  Numerical d a t a  
i s  p r e s e n t e d  showing t h e  v a r i a t i o n  w i t h  launch  d a t e  and 
f l i g h t  t i m e  o f  p r o p e l l a n t  r equ i r emen t s  f o r  b a l l i s t i c  and 
low- thrus t  h e l i o c e n t r i c  t r a j e c t o r i e s .  The p r o p e l l a n t  
requi rements  o f  each  t r a j e c t o r y  a r e  t h e n  reduced t o  a 
c h a r a c t e r i s t i c  l e n g t h  e s s e n t i a l l y  independent  o f  t h e  pro-  
p u l s i o n  mode, a s  observed  by Zola,  b y  a p p l i c a t i o n  of 
r e l a t i o n s  d e r i v e d  for  t r a n s f e r s  i n  f i e l d - f r e e  space. The 
c h a r a c t e r i s t i c  l e n g t h  i s  f u r t h e r  shown t o  be a unique  
parameter  o f  each  t r a j e c t o r y  which i s  roughly  e q u a l  to  
t h e  p l a n e t a r y  s e p a r a t i o n  d i s t a n c e  nea r  t h e  mid-point  of 
t h e  t r a n s f e r  . 
An averaged t r a j e c t o r y  i s  t h u s  d e f i n e d  f o r  each  a c t u a l  
i n t e r p l a n e t a r y  t r a j e c t o r y :  t h a t  t r a n s f e r  i n  f i e l d - f r e e  
space between t h e  p o s i t i o n s  of launch  and t a r g e t  p l a n e t s  
a t  a mean t r a j e c t o r y  t i m e  n e a r  t h e  mid-point  o f  t h e  f l i g h t .  
The averaged t r a j e c t o r y  model i s  shown t o  be s u i t a b l e  for  
p re l imina ry  mis s ion  p l a n n i n g  because  of  t h e  e a s e  w i t h  which 
a c t u a l  c h a r a c t e r i s t i c  l e n g t h s  and o p t i m a l  l aunch  d a t e s  may 
be approximated,  and t r a d e - o f f s  between mis s ion  d e s i g n  
parameters  subsequen t ly  e v a l u a t e d  by a p p l i c a t i o n  of f i e l d -  
f r e e  space  r e l a t i o n s .  Machine computa t ion  o f  a c c u r a t e  
t r a j e c t o r y  d a t a  may then  be  l o c a l i z e d  w i t h i n  a neighborhood 
of t h e  s imply  d e r i v e d  optimum, r e s u l t i n g  i n  s u b s t a n t i a l  
s av ings  of  t i m e  and cost  f o r  l o w - t h r u s t  m i s s i o n  a n a l y s i s .  
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S ince  t h e  ve ry  beginnings o f  h i s t o r y ,  man's n a t u r a l  
c u r i o s i t y  and s p i r i t  o f  adventure  have l e d  him t o  e x p l o r e  
h i s  environment.  Limited o n l y  by h i s  t e c h n o l o g i c a l  capa- 
b i l i t i e s ,  h e  h a s  ranged s u c c e s s i v e l y  f a r t h e r  from h i s  
n a t u r a l  h a b i t a t  -- over  land, a c r o s s  t h e  s e a ,  and through 
t h e  a i r .  Today, technology h a s  p rogres sed  t o  t h e  e x t e n t  
t h a t  h e  s t a n d s  on t h e  b r ink  of  t h e  l a s t  g r e a t  unexplored 
realm o f  h i s  environment,  space .  I n  a d d i t i o n ,  he s t a n d s  
on t h e  verge  of d i scove r ing  t h e  answer t o  an age-old 
q u e s t i o n  of phi losopher  and s c i e n t i s t  a l i k e :  does l i f e  
a s  w e  know i t  e x i s t  on o t h e r  p l a n e t s ,  o r  i s  Ear th  a 
s a n c t u a r y  unique i n  t h e  universe?  
As t h e  concept  of space e x p l o r a t i o n  h a s  t ransformed 
from dream t o  r e a l i t y ,  man h a s  begun t o  p l a n  i n  d e t a i l  
h i s  s t e p s  through t h e  heavens. The f i r s t  s t e p ,  a manned 




t h e  decade.  The second s t e p ,  a manned m i s s i o n  to  Mars, 
awa i t s  advancements i n  p r o p u l s i o n  technology,  b u t  never-  
the less  i s  undergoing i n t e n s i v e  p r e l i m i n a r y  s t u d y  by 
t h e o r e t i c i a n s .  
Miss ion  a n a l y s i s  i s  g r e a t l y  compl ica ted  by t h e  v a s t  
number o f  i n t e r r e l a t e d  d e s i g n  parameters t h a t  must be 
cons idered  and o f t e n  compromised: 
s p a c e c r a f t  d e s i g n ,  p r o p u l s i o n  r equ i r emen t s ,  c o s t ,  
r e l i a b i l i t y  -- t o  name b u t  a f e w .  The f i r s t  and pe rhaps  
t h e  m o s t  impor t an t  phase of mis s ion  p l a n n i n g  seems t o  be 
t h e  d e t e r m i n a t i o n  o f  p r o p u l s i o n  r equ i r emen t s  by  o p t i m a l  
t r a j e c t o r y  a n a l y s i s .  (Near ly  a l l  mi s s ion  t r a d e - o f f s  or 
des ign  compromises invo lve  p r o p e l l a n t  c o n s i d e r a t i o n s . )  
However, t h e  mathemat ica l  i n t r a c t a b i l i t y  of t h e  e q u a t i o n s  
of c e l e s t i a l  mechanics and o p t i m i z a t i o n  t h e o r y  o b s c u r e s  
t h e  r e l a t i o n s h i p  between low- th rus t  p r o p u l s i o n  r e q u i r e -  
ments and optimum m i s s i o n s .  Though t h e  o r b i t a l  motion 
of t h e  p l a n e t s  i s  an  e a s i l y  v i s u a l i z e d  and unders tood  
phenomenon, c a l c u l a t i o n  of t h e  best  way and t h e  bes t  t i m e  
t o  t r a v e l  from one p l a n e t  t o  a n o t h e r  h a s  remained a 
time-consuming, t e d i o u s ,  and c o s t l y  p r o c e s s .  I t  i s  toward 
eas ing  t h i s  s i t u a t i o n  t h a t  t h e  p r e s e n t  work is  d i r e c t e d .  
s c i e n t i f i c  o b j e c t i v e ,  
. 
3 
1.1 Power-Limited Propuls ion  Svs  t e m s  
4 
Many i n t e r p l a n e t a r y  miss ions  o f  s c i e n t i f i c  i n t e r e s t  
i nvo lve  energy  requirements  w e l l  beyond t h e  c a p a b i l i t i e s  
of present -day  chemical  rocke t s .  The s p e c i f i c  energy 
c o n t e n t  o f  chemical  f u e l s ,  d i r e c t l y  r e l a t e d  t o  t h e  
maximum exhaus t  v e l o c i t y  o r  s p e c i f i c  impulse of t h e  r o c k e t ,  
is  too  l o w  t o  accomplish t h e s e  mis s ions  wi thou t  p r o h i b i t i v e  
f u e l  consumption. 
A t t e n t i o n  h a s  consequent ly  been focussed  upon advanced 
p r o p u l s i o n  systems capable  t o  producing ve ry  h igh  s p e c i f i c  
impulses .  MHD and ion  rocke t s ,  f o r  example, appear  c a p a b l e  
o f  g e n e r a t i n g  s p e c i f i c  impulses o f  1000 to  60,000 sec. , 
compared t o  a t h e o r e t i c a l  maximum n o t  much ove r  500 sec. 
f o r  chemical  r o c k e t s .  These h igh  s p e c i f i c  impulses  y i e l d  
ve ry  a t t r a c t i v e  mass r a t i o s  f o r  i n t e r p l a n e t a r y  miss ions :  
however, t h i s  advantage is counterba lanced  by t h e  need f o r  
a s e p a r a t e  power sou rce  to supp ly  energy t o  t h e  t h r u s t i n g  
device .  "his power source and i t s  a s s o c i a t e d  equipment 
comprise a l a r g e  percentage  o f  t h e  t o t a l  s p a c e c r a f t  weight ,  
and g r e a t l y  reduce t h e  u s e f u l  payload. I n  a d d i t i o n ,  t h e  
power o u t p u t  i s  n e c e s s a r i l y  l i m i t e d ,  and t h e r e f o r e  l i m i t s  
t h e  k i n e t i c  power a t t a i n a b l e  i n  t h e  r o c k e t  exhaus t ,  which 
i n  t u r n  res t r ic ts  t h r u s t  a c c e l e r a t i o n  t o  ve ry  low l e v e l s .  
1 
4 
T h e  s p e c i f i c  power o u t p u t  expec ted  of power s u p p i i e s  
w i t h i n  t h e  n e x t  decade i s  a b o u t  0 . 2 5  kw/kg; e v e n t u a l  
improvement by a f a c t o r  of 10 may be p o s s i b l e  . The 
r e s u l t i n g  t h r u s t  a c c e l e r a t i o n s  cor responding  to  t h e  h i g h  
s p e c i f i c  impulses  c i t e d  a r e  i n  t h e  r ange  o f  10 t o  loe6  
g ' s .  Consequent ly ,  i n t e r p l a n e t a r y  m i s s i o n s  w i l l  r e q u i r e  
cont inuous t h r u s t i n g  o v e r  l a r g e  p o r t i o n s  of t h e  t r a j e c -  
t o r i e s .  Much of t h e  d i f f i c u l t y  i n h e r e n t  i n  mis s ion  
a n a l y s i s  f o r  l ow- th rus t  p r o p u l s i o n  systems d e r i v e s  f r o m  
t h i s  f a c t :  t h e  e q u a t i o n s  govern ing  s p a c e c r a f t  motion 
cannot i n  g e n e r a l  be  i n t e g r a t e d  a n a l y t i c a l l y  when con- 
t i n u o u s - t h r u s t i n g  terms a re  invo lved .  
1 
-3 
The advantages and d i sadvan tages  of advanced propul-  
s i o n  systems a r e  such t h a t  low- thrus t  rockets y i e l d  
s u p e r i o r  payloads f o r  some m i s s i o n s ,  h i g h - t h r u s t  r o c k e t s  
f o r  o t h e r s .  A combinat ion a p p e a r s  t o  be t h e  bes t  s o l u t i o n  
i n  cases where t h e  t w o  a r e  c l o s e l y  c o m p e t i t i v e  . Compara- 
t i v e  s t u d i e s  must be c a r r i e d  o u t  t o  de t e rmine  t h e  m o s t  
d e s i r a b l e  system f o r  a g i v e n  m i s s i o n .  
2 
The p r o p e l l a n t  requi rements  of power-limited p r a p u l -  
s i o n  systems a r e  d e r i v e d  i n  Appendix A. I n  g e n e r a l ,  t h e  
5 
p r o p e l l a n t  consumption of a system producing c o n s t a n t  
exhaus t  power i s  d i r e c t l y  r e l a t e d  t o  t h e  i n t e g r a l  
where t is  t h e  f l i g h t  t i m e  and Cl t h e  magnitude of t h e  
t h r u s t  a c c e l e r a t i o n .  Minimum p r o p e l l a n t  consumption 
f 
corresponds  t o  minimum J, and v i c e  v e r s a .  The p r o p e l l -  
an t -opt imal  t h r u s t  program f o r  a p a r t i c u l a r  mi s s ion  is 
t h a t  one which minimizes J, s u b j e c t  t o  any s p e c i f i c  
c o n s t r a i n t s  on t h r u s t  magnitude, and which s imul t aneous ly  
s a t i s f i e s  t r a j e c t o r y  boundary c o n d i t i o n s  (e .g . ,  p o s i t i o n  
and v e l o c i t y ) .  An a l t e r n a t e  measure o f  p r o p e l l a n t  
requi rements  f o r  power-limited systems producing c o n s t a n t  
( o r  z e r o )  t h r u s t  magnitude -- and, i n  g e n e r a l ,  f o r  any 
system g e n e r a t i n g  c o n s t a n t  exhaus t  v e l o c i t y  -- i s  t h e  
f a m i l i a r  i d e a l  v e l o c i t y  i n c r e m e n t  
J O  
Minimum p r o p e l l a n t  consumption cor responds  to minimum b v .  
The s e p a r a t e  power supply a s s o c i a t e d  wi th  advanced 
p r o p u l s i o n  systems comprises,  a s  p r e v i o u s l y  noted ,  a 
6 
J 
major p o r t i o n  of t h e  t o t a l  s p a c e c r a f t  w e i g h t .  S i n c e  t h e  
p r o p e l l a n t  r e q u i r e d  f o r  a y i v e n  mis s ion  d e c r e a s e s  w i t h  
i n c r e a s i n g  power l e v e l ,  b u t  powerplant  mass a t  t h e  same 
c i m e  increases  a lmos t  l i n e a r l y  w i t h  power l eve l ,  the  
powerplant  can  be s i z e d  t o  y i e l d  t h e  maximum u s e f u l  
payload r a t i o  f o r  a g i v e n  m i s s i o n .  A s  a f r a c t i o n  of 
i n i t i a l  s p a c e c r a f t  mass mo, 
m i s '  
the optimum powerplant  mass 
S 
The r e s u l t i n g  maximum payload r a t i o  is 
4 
where t h e  payload mass mL i s  cons ide red  t o  i n c l u d e  space- 
c r a f t  s t r u c t u r e .  d i s  t h e  r a t i o  o f  powerplant  mass t o  
exhaus t  power, and i s  assumed t o  be independent  of power- 
p l a n t  s i z e .  Equat ions  (1-3) and (1-4) a r e  d e r i v e d  i n  
Appendix A. 
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1 . 2  Op t imiza t ion  Techniques 
The d e t e r m i n a t i o n  o f  o p t i m a l  t h r u s t  programs t o  
minimize p r o p e l l a n t  consumption o f  space  v e h i c l e s  
acco rd ing  t o  eq. (1-1) or  ( 1 - 2 )  i s  a problem i n  t h e  
c a l c u l u s  o f  v a r i a t i o n s  . C l a s s i c a l  t h e o r y  h a s  been 
s u c c e s s f u l l y  a p p l i e d  t o  t h e  f o r m u l a t i o n  o f  d i f f e r e n t i a l  
e q u a t i o n s  govern ing  p rope l l an t -op t ima l  t r a j e c t o r i e s :  
however, a n a l y t i c a l  s o l u t i o n s  a r e  g e n e r a l l y  p o s s i b l e  
o n l y  when s i m p l i f y i n g  assumptions can  be made t o  
l i n e a r i z e  e q u a t i o n s  of motion 4 , 5  o r  t o  average  changes 
i n  o r b i t a l  pa rame te r s  . Exact s o l u t i o n s  f o r  i n t e r -  
p l a n e t a r y  t r a j e c t o r i e s  r e q u i r e  numer ica l  computat ion 
by d i g i t a l  computer.  
3 
6 
Because t h e  de t e rmina t ion  o f  p r o p e l l a n t - o p t i m a l  
t r a j e c t o r i e s  r e q u i r e s  s o l u t i o n  of a two-point boundary 
v a l u e  problem, numerical computat ion h a s  been  a time-con- 
suming t r i a l - a n d - e r r o r  procedure .  Furthermore,  d i f f i -  
c u l t i e s  i n h e r e n t  i n  t h e  c l a s s i c a l  t h e o r y  a r i s e  i n  t h e  
t r e a t m e n t  o f  bounded c o n t r o l  problems ( low- th rus t  pro-  
p u l s i o n  systems producing c o n s t a n t  o r  l i m i t e d  exhuas t  
v e l o c i t i e s  f a l l  i n  t h i s  c a t e g o r y ) ,  and i n  t h e  development 
o f  s u f f i c i e n c y  c o n d i t i o n s ,  as opposed t o  necessa ry  con- 
d i t i o n s ,  f o r  op t ima l  t r a j e c t o r i e s .  
8 
C o n t r i b u t i o n s  t o  t h e  t h e o r y  of bounded c o n t r o l  and 
t h e  e x i s t e n c e  of s u f f i c i e n c y  c o n d i t i o n s  have been made 
7 a 
r e c e n t l y  by s e v e r a l  a n a l y s t s ,  n o t a b l y  Pon t ryag in  , Kalman , 
9 
and Breakwell  . Techniques f o r  a p p l y i n g  t h e s e  and o t h e r  
op t ima l -con t ro l  t h e o r i e s  t o  machine computa t ion  have a l s o  
been developed.  S i g n i f i c a n t  among t h e s e  a r e  B r y s o n ' s  
method o f  s t e e p e s t  a s c e n t  , K e l l e y ' s  method of g r a d i e n t s  , 
Bel lman ' s  method of  dynamic programming , and a formula-  
t i o n  o f  t h e  method o f  a d j o i n t s  by M i t c h e l l  . These 
10 11 
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t echniques  a l l  r e q u i r e  i t e r a t i v e  s o l u t i o n  t o  t h e  two-point  
boundary v a l u e  problem c h a r a c t e r i s t i c  o f  i n t e r p l a n e t a r y  
t r a j e c t o r i e s ,  and convergence can  be v e r y  slow, p a r t i c u -  
l a r l y  f o r  t h e  i n t e r e s t i n g  case o f  bounded c o n t r o l .  
D e s p i t e  con t inued  computa t iona l  d i f f i c u l t i e s ,  
numerical  s t u d i e s  o f  i n t e r p l a n e t a r y  t r a j e c t o r i e s  neve r the -  
l e s s  have m e t  wi th  much s u c c e s s .  Upper and lower p e r f o r -  
m a n c e  bounds f o r  p r a c t i c a l  power- l imi ted  p r o p u l s i o n  sys tems 
have b e e n  de te rmined  b y  c o n s i d e r a t i o n  o f  t w o  h y p o t h e t i c a l  
p ropu l s ion  systems: (1) t h e  v a r i a b l e - s p e c i f i c - i m p u l s e  ( V S I )  
s y s t e m  capab le  o f  an u n r e s t r i c t e d  r ange  o f  s p e c i f i c  impulse,  
and ( 2 )  t h e  c o n s t a n t - s p e c i f i c - i m p u l s e  ( C S I )  system c a p a b l e  
only of a f i x e d  l e v e l  o f  s p e c i f i c  impulse  o r  o f  c o a s t i n g .  
9 
. 
V S I  t r a j e c t o r i e s  a r e  c h a r a c t e r i z e d  b y  a v a r i a t i o n  i n  
s p e c i f i c  impulse of 100-fold o r  more : CSI t r a j e c t o r i e s  
(more i n d i c a t i v e  of p r a c t i c a l  performance c a p a b i l i t i e s )  
a r e  c h a r a c t e r i z e d  by an op t ima l  c o a s t  p e r i o d  o c c u r r i n g  
between t w o  t h r u s t i n g  pe r iods  ( t h e  "bang-bang" or  
"power-coas t-power" s o i u t i o n )  . 
1 3  
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Melbourne and Melbourne and Sauer  have a p p l i e d  
t h e  v a r i a t i o n a l  c a l c u l u s  to  two-and-three d imens iona l  
models o f  t h e  so la r  system t o  g e n e r a t e  VSI and C S I  
t r a j e c t o r y  d a t a  and p ropu l s ion  r equ i r emen t s  f o r  bo th  
" o r b i t e r "  and 'If ly-by" m i s s i o n s  t o  s e v e r a l  o f  t h e  p l ane -  
t a r y  o r b i t s .  A p p l i c a t i o n  o f  a p p r o p r i a t e  t r a n s v e r s a l i t y  
r e l a t i o n s  f o r  u n s p e c i f i e d  t e r m i n a l  c o n d i t i o n s  h a s  
r e s u l t e d  i n  t h e  de t e rmina t ion  of o p t i m a l  h e l i o c e n t r i c  
t r a n s f e r  a n g l e s  and i n t e r c e p t  p o s i t i o n s  a long  t h e  t a r g e t  
o r b i t s  f o r  mis s ions  o f  f i x e d  f l i g h t  t i m e .  The e x i s t e n c e  
o f  a p r o p e l l a n t - o p t i m a l  s p e c i f i c  impulse and an a l l - p r o -  
p u l s i o n  lower t h r u s t  l i m i t  f o r  C S I  m i s s i o n s  o f  f i x e d  
f l i g h t  t i m e  i s  noted .  I n  a d d i t i o n ,  i t  is  observed  t h a t  
t h e  v a r i a t i o n  o f  t h e  J i n t e g r a l  and op t ima l  c o a s t  t i m e  
w i t h  t o t a l  f l i g h t  time i s  s i m i l a r  t o  t h a t  d e r i v e d  ana ly -  




S i m i l a r  i n v e s t i g a t i o n s  have been conducted by Zola 
f o r  C S I  o r b i t e r  and r o u n d - t r i p  m i s s i o n s  between c i r c u l a r  
o r b i t s  r e p r e s e n t i n g  t h o s e  o f  E a r t h  and Mars. 
show t h e  e f f e c t s  o f  d i f f e r e n t  t h r u s t  and power l e v e l s  o n  
H i s  r e s u l t s  
f u e l  r equ i r emen t s  f o r  m i s s i o n s  of f i x e d  f l i g h t  t i m e .  I n  
g e n e r a l ,  h i g h e r  power l e v e l s  y i e l d  lower f u e l  consumption, 
and f o r  each power l e v e l  t h e r e  i s  an optimum t h r u s t  l e v e l  
and a n  a l l - p r o p u l s i o n  lower l i m i t .  As i s  t h e  c a s e  w i t h  
Melbourne 's  and S a u e r ' s  d a t a ,  most o f  Z o l a ' s  r e s u l t s  
correspond t o  op t imized  h e i i o c e n t r i c  t r a n s f e r  a n g l e s  a s  
wel l  a s  t o  op t imized  t h r u s t  programs. Thus, h e l i o c e n t r i c  
t r a v e l  a n g l e  i s  n o t  an independent  pa rame te r ,  b u t  i s  
chosen t o  have i t s  optimum v a l u e  f o r  any g iven  f l i g h t  t i m e .  
I n  g e n e r a l ,  numer ica l  s t u d i e s  of t h e  t y p e  d e s c r i b e d  
a r e  of p a r t i c u l a r  va lue  for  t h e  g e n e r a l  c o n c l u s i o n s  t h a t  
c a n  be  drawn r e g a r d i n g  low- th rus t  payload  c a p a b i l i t i e s  
and o p t i m a l  t r a j e c t o r y  c h a r a c t e r i s t i c s .  Gene ra t ion  of  
d a t a  even f o r  t h e s e  p r e l i m i n a r y  s t u d i e s  i s  a v e r y  c o s t l y  
and time-consuming p r o c e s s .  
. 
I .  
11 
1 . 3  Mission P lann inq  
I Y  The p lann ing  o f  an i n t e r p l a n e t a r y  miss ion ,  a s  p re -  
v i o u s l y  observed,  is an under tak ing  h i g h l y  complicated 
by t h e  g r e a t  number of i n t e r r e l a t e d  v a r i a b l e s  and d e s i g n  . 
parameters  t o  be considered.  It  i s  g e n e r a l l y  assumed t h a t  
s c i e n t i f i c  o b j e c t i v e s  o f  t he  miss ion  have been s p e c i f i e d ;  
mi s s ion  p l ann ing  i n  t h e  broad sense  then  c o n s i s t s  o f  
de te rmining  t h e  bes t  way i n  which t o  accomplish t h o s e  
o b j e c t i v e s  on t h e  b a s i s  of cost, r e l i a b i l i t y ,  and s c i e n -  
t i f i c  and p o l i t i c a l  exigency. Each of t h e s e  c r i t e r i a  can 
be r e l a t e d  through payload c a p a b i l i t y  t o  necessary  advance- 
m e n t s  i n  s t a t e - o f - t h e - a r t  systems technology,  launch d a t e ,  
and mis s ion  d u r a t i o n .  The p r e l i m i n a r y  phase of  miss ion  
p l ann ing  consequent ly  can be reduced t o  choosing t h e  
combination o f  p ropu l s ion  system, launch d a t e ,  and f l i g h t  
t i m e  t h a t  maximizes t h e  payload subjec t  t o  t h e  a f o r e -  
mentioned c o n s t r a i n t s .  ( I t  i s  assumed t h a t  t h e  p r o p e l l a n t -  
op t ima l  t r a j e c t o r y  f o r  any g iven  p ropu l s ion  system, launch 
d a t e ,  and f l i g h t  t i m e  w i l l  be employed.) Compromises 
w i l l  n e c e s s a r i l y  be made on t h e  b a s i s  o f  s t u d i e s  q u a n t i -  
t a t i v e l y  r e l a t i n g  payload to p ropu l s ion  parameters ,  launch 
d a t e ,  and f l i g h t  t i m e .  
12 . 
For i n t e r p l a n e t a r y  mis s ions  t a k i n g  p l a c e  w i t h i n  t h e  
next  decade,  p r e l i m i n a r y  mis s ion  p l ann ing  i s  r e l a t i v e l y  
s t r a i g h t f o r w a r d .  The c h o i c e  of p r o p u l s i o n  system is  
l i m i t e d  to t h e  chemical  r o c k e t ,  and payload  r a t i o s  w i l l  
depend p r i m a r i l y  on t h e  launch d a t e  and f l i g h t  t i m e .  
Hyperbol ic  excess  v e l o c i t i e s  f o r  one-way b a l l i s t i c  
t r a j e c t o r i e s  t o  Venus and Mars have been t a b u l a t e d  a s  
f u n c t i o n s  of  launch d a t e  and a r r i v a l  d a t e  . From t h e s e ,  16 
i d e a l  v e l o c i t y  increments  and co r re spond ing  payload  r a t i o s  
can e a s i l y  be c a l c u l a t e d .  Round-tr ip  m i s s i o n s  a r e  s i m i l a r l y  
analyzed by p a i r i n g  o f  outbound and inbound t r a j e c t o r i e s .  
The p o s s i b i l i t y  of  s i g n i f i c a n t  f u e l  s a v i n g s  by use  o f  
b i - e l l i p t i c a l  t r a n s f e r s  and a tmospher ic  b r a k i n g  a s  w e l l  
as by t r a n s f e r s  v i a  Venus ( f o r  m i s s i o n s  t o  Mars) have been 
i n v e s t i g a t e d  by H o l l i s t e r  . V e l o c i t y  r equ i r emen t s  f o r  17 
i a  
c e r t a i n  of t h e s e  maneuvers a r e  c u r r e n t l y  b e i n g  t a b u l a t e d  . 
For o t h e r s ,  d a t a  i s  n o t  p r e s e n t l y  a v a i l a b l e  and must be 
genera ted  by d i g i t a l  computat ion.  However, machine com- 
p u t a t i o n  o f  b a l l i s t i c  t r a j e c t o r y  d a t a  is r e l a t i v e l y  f a s t  
compared t o  t h a t  o f  l o w - t h r u s t  d a t a .  I n  a d d i t i o n ,  a s imple  
p l a n e t a r y  model developed by H o l l i s t e r  can  be  used t o  p r e d i c t  
op t imal  launch and a r r i v a l  d a t e s .  Machine computat ion i s  then  - 
necessary  o n l y  i n  t h e  neighborhood o f  t h e  p r e d i c t e d  p o i n t s .  
Low-thrust  p r o p u l s i o n  sys tems w i l l  i n  a l l  p r o b a b i l i t y  
D e  a v a i l a b l e  f o r  i n t e r p l a n e t a r y  m i s s i o n s  t a k i n g  p l a c e  
somewhat l a t e r  i n  t h e  cen tu ry .  S t u d i e s  such a s  t h o s e  
p r e v i o u s l y  d e s c r i b e d  i n d i c a t e  t h a t ,  f o r  many mis s ions ,  
advanced systems have c o n s i d e r a b l y  h i g h e r  payload  capa- 
b i l i t y  t h a n  do chemical  r o c k e t s .  The m i s s i o n  p l anne r  
must t h e n  compare payload c a p a b i l i t i e s  o f  bo th  h igh-  and 
low- th rus t  p r o p u l s i o n  modes t o  a s c e r t a i n  t h e  s u p e r i o r  
system f o r  h i s  p a r t i c u l a r  miss ion .  The c a p a b i l i t i e s  of 
h i g h - t h r u s t  p r o p u l s i o n  a r e  de te rmined  acco rd ing  t o  t h e  
procedure  j u s t  o u t l i n e d .  The d e t e r m i n a t i o n  of l ow- th rus t  
payload  c a p a b i l i t i e s ,  however, i s  a t  p r e s e n t  a f a r  more 
time-consuming p rocess .  The s e a r c h  f o r  op t ima l  launch 
d a t e s ,  f l i g h t  t i m e s ,  and t h r u s t  l e v e l s  e n t a i l s  t h e  
g e n e r a t i o n  o f  a g r e a t  number of  t r a j e c t o r i e s  and i s  h i g h l y  
c o s t l y  of computer time. 
The a p p l i c a t i o n  of  prev ious  work t o  t h i s  s e a r c h  i s  
of l i m i t e d  v a l u e ,  s i n c e  r e s u l t s  o f t e n  do n o t  t a k e  i n t o  
c o n s i d e r a t i o n  t h e  a c t u a l  time-dependent p o s i t i o n s  o f  t h e  
p l a n e t s  i n  t h e i r  o r b i t s .  For example, t h e  op t ima l  h e l i o -  
c e n t r i c  t r a n s f e r  ang le  f o r  a 200-day f l i g h t  from Ear th  t o  
Mars d e s c r i b e s  r e l a t i v e  p o s i t i o n s  of t h e  p l a n e t s  t h a t  i n  
a c t u a l i t y  occur  o n l y  once e v e r y  two y e a r s  ( a p p r o x i m a t e l y ) .  
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Fur the r  s p e c i f i c a t i o n  o f  t h e  o p t i m a l  i n t e r c e p t  p o i n t  o n  
t h e  M a r t i a n  o r b i t  r es t r ic t s  E a r t h  and Mars t o  aDsolu te  
p o s i t i o n s  t h a t  may occur  a t  t h e  s p e c i f i e d  200-day i n t e r v a l  
on ly  once i n  scores or even hundreds  of y e a r s .  I t  i s  t h e  
op in ion  o f  t h i s  a u t h o r  t h a t  a more r e a l i s t i c  approach for  
purposes  o f  mis s ion  p l ann ing  i s  t o  g e n e r a t e  t r a j e c t o r y  
d a t a  t h a t  i s  r e l a t e d  t o  a c t u a l  p l a n e t a r y  p o s i t i o n s .  
To  reduce t h e  computat ion t i m e  p r e s e n t l y  r e q u i r e d  for  
g e n e r a t i n g  low- th rus t  t r a j e c t o r y  d a t a  i n  t h e  s e a r c h  for 
optimum miss ion  pa rame te r s ,  Zola s u g g e s t s  a method by 
1 5  
which approximate low- th rus t  p r o p u i s i o n  r equ i r emen t s  can  
be q u i c k l y  c a l c u l a t e d .  The method i s  based  on t h e  
c o r r e l a t i o n  o f  v a r i o u s  modes of rocket o p e r a t i o n  by means 
of s imple  dynamical r e l a t i o n s  deve loped  f o r  t r a n s f e r s  i n  
f i e l d - f r e e  space .  Zola  f i n d s  t h a t  a c h a r a c t e r i s t i c  l e n g t h  
de f ined  i n  f i e l d - f r e e  space  a s  
i s  a ve ry  u s e f u l  " l i n k i n g  pa rame te r "  for i n t e r p l a n e t a r y  
t r a j e c t o r i e s .  When e v a l u a t e d  from a c t u a l  p r o p u l s i o n  
requi rements  b y  a p p l i c a t i o n  o f  f i e l d - f r e e  space  r e l a t i o n s ,  
the  c h a r a c t e r i s t i c  l e n g t h  t u r n s  o u t  t o  be " a  n e a r - i n v a r i a n t  
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f a c t o r  w i t h i n  and among high- and low- th rus t  modes o f  
o p e r a t i o n . "  Consequent ly ,  when a r e f e r e n c e  s o l u t i o n  to  
a g iven  t r a j e c t o r y  i s  known, p r o p u l s i o n  r equ i r emen t s  f o r  
o t h e r  modes o f  o p e r a t i o n  can be de te rmined  approx ima te ly  
by a p p l y i n g  t h e  a p p r o p r i a t e  f i e l d - f r e e  s p a c e  r e l a t i o n s  t o  
t h e  r e f e r e n c e  c h a r a c t e r i s t i c  l e n g t h .  The s e a r c h  f o r  
o p t i m a l  t r a j e c t o r y  parameters  can b e  r e s t r i c t e d  t o  t h e  
neighborhood i n d i c a t e d  b y  t h e  c o r r e l a t i o n  method, t h e r e b y  
g r e a t l y  r educ ing  t h e  numerical computat ion r e q u i r e d .  Zola  
s u g g e s t s  b a l l i s t i c  t r a j e c t o r i e s  as  a r e a d i l y  a v a i l a b l e  
s o u r c e  o f  r e f e r e n c e  s o l u t i o n s ,  and VSI t r a j e c t o r i e s  a s  a 
p o t e n t i a l  s o u r c e  (be ing  more e a s i l y  o b t a i n e d  than  C S I  
s o l u t i o n s ) .  An e f f e c t i v e  speed advantage  o f  100 t o  1 
o v e r  m i s s i o n  a n a l y s i s  by v a r i a t i o n a l  t r a j e c t o r y  methods 
h a s  been  achieved .  It  i s  a l s o  no ted  i n  p a s s i n g  t h a t  t h e  
i d e a l  v e l o c i t y  increment  Av , commonly used a s  a 
measure o f  h i g h - t h r u s t  p r o p u l s i o n  requi rements ,  is a 
h i g h l y  v a r i a n t  parameter  w i t h i n  and among t h e  v a r i o u s  
p r o p u l s i o n  modes. 
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1.4 Thesis O b j e c t i v e s  
The e x i s t e n c e  of a c h a r a c t e r i s t i c  l e n g t h  f o r  a g i v e n  
i n t e r p l a n e t a r y  t r a j e c t o r y  i n d i c a t e s  a p o s s i b l e  c o r r e l a t i o n  
between t h e  p l a n e t a r y  p o s i t i o n s  and t h e  p r o p u l s i o n  r e q u i r e -  
ments r e l a t e d  to  a p a r t i c u l a r  m i s s i o n .  The purpose of t h i s  
t h e s i s  i s  to  de te rmine  t h a t  c o r r e l a t i o n ,  and t h e r e b y  t o  
develop a s imple  t echn ique  f o r  l ow- th rus t  mi s s ion  p l a n n i n g  
based on t h e  t ime-dependent i n t e r p l a n e t a r y  geometry.  
CHAPTER I1 
RESULTS O F  TRAJECTORY STUDIES 
2 . 1  D e s c r i p t i o n  o f  t h e  M i s s i o n  and P r o p u l s i o n  System 
Low-thrust  t r a j e c t o r y  d a t a  h a s  been  g e n e r a t e d  
numer i ca l ly  for  t h e  h e l i o c e n t r i c  p o r t i o n s  o f  t h ree -d i -  
mensional  o rb i te r  mis s ions  between E a r t h  and Mars. The 
h e l i o c e n t r i c  t r a j e c t o r i e s  a r e  assumed t o  s t a r t  and end 
a t  t h e  s p h e r e s  o f  i n f l u e n c e  of t h e  r e s p e c t i v e  p l a n e t s ,  
and t o  be  i n f l u e n c e d  o n l y  by t h e  g r a v i t a t i o n a l  f i e l d  of 
t h e  sun.  A t  t h e  s t a r t  of each t r a j e c t o r y ,  t h e  space-  
c r a f t  i s  cons ide red  j u s t  to  have escaped t h e  g r a v i t a t i o n a l  
f i e l d  or t h e  d e p a r t u r e  p l a n e t ,  and t h e r e f o r e  t o  p o s s e s s  
t h a t  p l a n e t ' s  h e l i o c e n t r i c  v e l o c i t y .  A t  t h e  end, t h e  
s p a c e c r a f t  i s  r e q u i r e d  t o  match t h e  h e l i o c e n t r i c  v e l o c i t y  
o f  t h e  t a r g e t  p l a n e t  a t  i ts  s p h e r e  o f  i n f l u e n c e .  
Th i s  t e r m i n a l  v e l o c i t y  c o n s t r a i n t  i s  t h e  d i s t i n g u i s h i n g  
c h a r a c t e r i s t i c  of  t h e  o rb i te r  miss ion .  To be c a p t u r e d  i n  a 
low o r b i t  about  t h e  t a r g e t  p l a n e t ,  t h e  s p a c e c r a f t  must 
be d e c e l e r a t e d  w i t h i n  t h e  p l a n e t a r y  g r a v i t a t i o n a l  f i e l d ,  
i . e . ,  a f t e r  e n t e r i n g  t h e  s o - c a l l e d  s p h e r e  o f  i n f l u e n c e .  
Accomplishment o f  t h i s  maneuver by l o w - t h r u s t  p r o p u l s i o n  
r e q u i r e s  t h a t  t h e  s p a c e c r a f t  have  l i t t l e  o r  no v e l o c i t y  
r e l a t i v e  t o  t h e  p l a n e t  a t  t h e  s p h e r e  of i n f l u e n c e .  I n  
c o n t r a s t ,  f ly -by  mis s ions  ( n o t  ana lyzed  i n  t h i s  t h e s i s )  
require n o  d e c e l e r a t i o n  w i t h i n  t h e  g r a v i t a t i o n a l  f i e l d  
of  t h e  t a r g e t  p l a n e t .  Hyperbo l i c  e x c e s s  v e l o c i t y  i s  
consequent ly  of  no concern ,  and t h e  t e r m i n a l  v e l o c i t y  
c o n s t r a i n t  on t h e  h e l i o c e n t r i c  t r a j e c t o r y  d i s a p p e a r s .  
The o rb i t e r  mis s ion  i s  assumed to  t a k e  p l a c e  s o m e -  
t i m e  n e a r  t h e  1971 o p p o s i t i o n  of E a r t h  and Mars. To 
de te rmine  t h e  e f f e c t s  o f  launch  d a t e  and f l i g h t  t i m e  o n  
p r o p u l s i o n  r equ i r emen t s ,  a c t u a l  t h ree -d imens iona l  h e l i o -  
c e n t r i c  p o s i t i o n s  and v e l o c i t i e s  o f  t h e  p l a n e t s  have  been 
used a s  t r a j e c t o r y  end c o n d i t i o n s .  (These q u a n t i t i e s  
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have been t a b u l a t e d  a s  f u n c t i o n s  o f  J u l i a n  d a t e  - 1  
The launch d a t e  f i x e s  t h e  i n i t i a l  c o n d i t i o n s ,  and the 
f l i g h t  t i m e  f i x e s  t h e  a r r i v a l  d a t e  and t h e  c o r r e s p o n d i n g  
f i n a l  c o n d i t i o n s .  
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T r a j e c t o r y  d a t a  h a s  been gene ra t ed  f o r  both V S I  and 
C S I  p r o p u l s i o n  modes by use of t h e  computa t iona l  t echn ique  
developed by M i t c h e l l  and Krupp . Convergence i s  very  
qu ick  f o r  V S I  t r a j e c t o r i e s ,  b u t  g e n e r a l l y  u n s a t i s f a c t o r y  
f o r  C S I  t r a j e c t o r i e s .  Consequently C S I  d a t a  is  l i m i t e d .  
All numerical r e s u l t s  correspond t o  t h e  same r a t i o  of  
exhaus t  power t o  i n i t i a l  s p a c e c r a f t  mass, since t h e  
o p t i m i z a t i o n  of launch d a t e  and f l i g h t  t i m e ,  independent  
of  power v a r i a t i o n ,  i s  t h e  o b j e c t i v e  o f  t h e s e  s t u d i e s .  
The power r a t i o  chosen, 
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corresponds  t o  a conse rva t ive  va lue  o f  powerplant  s p e c i f i c  
mass, 
and t o  a powerplant  mass  f r a c t i o n  of 
which h a s  been chosen from eq. (1-3) t o  maximize t h e  
s payload r a t i o  when J=0.017 tnz/saC. 
w i t h i n  t h e  range ob ta ined  f o r  150- t o  200-day VSI t r a -  
j e c t o r i e s .  ) 
(This  v a l u e  of  J is  
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The e f f e c t s  o f  d i f f e r e n t  power l e v e l s  have been  
p r e v i o u s l y  ana lyzed .  I n  g e n e r a l ,  t h e  J i n t e g r a l  i s  
r e l a t i v e l y  independent  o f  power r a t i o  e x c e p t  f o r  v e r y  
low power l e v e l s  ; h i g h e r  f i n a l - t o - i n i t i a l  mass r a t i o s  
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then r e s u l t  from h i g h e r  power l e v e l s ,  and v i c e  v e r s a  . 
This  r e l a t i o n s h i p  i s  e v i d e n t  from eq. ( 2 - 2 ) .  
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2 .2  Low-Thrus t P r o p u l s i o n  Requirements 
The p r o p e l l a n t  r equ i r emen t s  o f  n u m e r i c a l l y  computed 
t r a j e c t o r i e s  a r e  measured f o r  pu rposes  of i l l u s t r a t i o n  by 
the  i n t e g r a l  
Reca l l  t h a t  m i n i m u m  v a l u e s  of J co r re spond  t o  minimum 
p r o p e l l a n t  consumption, o r  maximum f i n a l  mass. The 
e x a c t  r e l a t i o n ,  from Appendix A,  i s  
where m i s  t h e  f i n a l  mass. Launch d a t e s  a r e  g i v e n  i n  f 
terms o f  J u l i a n  d a t e .  ( J u l i a n  d a t e  i n c r e a s e s  each  day 
b y  1.0. For r e f e r e n c e ,  J.  D.  244 1150.0 c o r r e s p o n d s  t o  
t h e  c a l e n d a r  d a t e  J u l y  18, 1971,  a t  noon.) The 197l 
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I -  o p p o s i t i o n  o f  Mars o c c u r s  a t  J.  D. 244 1173.8, o r  10.3 
August. This d a t e  w i l l  h e n c e f o r t h  be denoted  by  T . 
OPP 
F i g u r e s  1-4 show the v a r i a t i o n  o f  J wi th  launch 
d a t e  (T ) and f l i g h t  t i m e  ( t  ) f o r  p r o p e l l a n t - o p t i m a l  
VSI t r a j e c t o r i e s .  (For  purposes  o f  c l a r i t y ,  t h e  upper -case  
L f 
T i s  used t o  i n d i c a t e  d a t e ,  t h e  lower-case t t o  i n d i c a t e  
t r a j e c t o r y  t i m e  measured from launch.  Thus t = 0 when 
T = T t = t a t  t h e  a r r i v a l  d a t e  T and T = T + t 
L' f A I  L 
i n  g e n e r a l . )  
N o t e  t h e  s i m i l a r i t y  between t h e  p r o p e l l a n t  r e q u i r e -  
ments  for Earth-to-Mars (E-M) t r a j e c t o r i e s  shown i n  
F i g u r e  1 and t h o s e  for  Mars-to-Earth (M-E) t r a j e c t o r i e s  
shown i n  F i g u r e  2 .  The p rope l l an t -op t ima l  l aunch  d a t e  
(TO) fo r  each f l i g h t  t i m e  o c c u r s  approximate ly  h a l f  t h e  L 
f l i g h t  t i m e  p r i o r  to  o p p o s i t i o n ,  t h e  e x a c t  d i f f e r e n c e ,  
T - To, b e i n g  somewhat less t h a n  % t f o r  E-M t r a n s f e r s  
and abou t  t h e  same amount g r e a t e r  t han  4 t f o r  M-E 
t r a n s f e r s .  This r e l a t i o n s h i p  i s  c l a r i f i e d  i n  F i g u r e  3 ,  
L f OPP 
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where each cu rve  h a s ' b e e n  s h i f t e d  forward i n  d a t e  by 
one-half  t h e  a p p r o p r i a t e  f l i g h t  t i m e .  The n e a r l y  i d e n t i c a l  
minimum v a l u e s  and shapes  of each p a i r  of c u r v e s  are a l so  
appa ren t .  
2 2  
F i g u r e  4 shows t h e  e f f e c t  of non-cop lana r i ty  on 
p r o p u l s i o n  r equ i r emen t s  f o r  150-day VSI t r a j e c t o r i e s  
from E a r t h  t o  Mars. For t h e  c o p l a n a r  t r a j e c t o r i e s ,  
p o s i t i o n  and v e l o c i t y  components o f  Mars o u t  of t h e  
e a r t h ' s  e c l i p t i c  p l a n e  a r e  set  e q u a l  t o  z e r o .  The 
cop lana r  components a r e  t h e n  used  a s  t r a j e c t o r y  t e r m i n a l  
c o n d i t i o n s .  The one t o  two p e r c e n t  i n c r e a s e  i n  J between 
cor responding  c o p l a n a r  and non-coplanar  t r a j e c t o r i e s  
i l l u s t r a t e s  t h e  s m a l l  e f f e c t  of  t h e  o r b i t a l  i n c l i n a t i o n  
of Mars on VSI p r o p u l s i o n  r equ i r emen t s .  This s m a l l  e f f ec t  
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has  been observed  p r e v i o u s l y  and a t t r i b u t e d  both  t o  t h e  
smal l  i n c l i n a t i o n  involved ,  1.85; and t o  t h e  r e l a t i v e  
plane-changing e f f i c i e n c y  of con t inuous  t h r u s t i n g .  The 
high p r o p e l l a n t  p e n a l t i e s  c h a r a c t e r i s t i c  of  b a l l i s t i c  
t r a n s f e r s  between non-coplanar o r b i t s  for  which t h e  h e l i o -  
c e n t r i c  t r a n s f e r  a n g l e  approaches  180°are  n o t  observed  for  
cor responding  low- th rus t  t r a j e c t o r i e s .  P a r t i c u l a r  examples 
from F igure  2 a r e  t h e  180-day and 210-day E-M t r a j e c t o r i e s  
launched nea r  J. D.  244 1170.5 and J .  D.  244 1100.5, 
r e s p e c t i v e l y .  
Comparison o f  co r re spond ing  V S I  and C S I  p r o p e l l a n t  
requi rements  fo r  180-day E-M t r a j e c t o r i e s  a r e  shown i n  
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Figure  5. As p r e d i c t e d  and observed  by o t h e r  a n a l y s t s  I 
CSI p r o p u l s i o n  r e s u l t s  i n  somewhat h i g h e r  va lues  o f  J t h a n  
does t h e  VSI mode. The s p e c i f i c  impulse chosen for t h e  
CSI t r a j e c t o r i e s ,  3210 sec ,  i s  i n t e r m e d i a t e  among t h e  
i n i t i a l  v a l u e s  observed f o r  t h e  cor responding  V S I  t r a -  
j e c t o r i e s .  The r e l a t e d  i n i t i a l  t h r u s t  a c c e l e r a t i o n  is 1.573 
x g ' s .  Of p a r t i c u l a r  i n t e r e s t  h e r e  i s  t h e  f a c t  t h a t  
t h e  op t ima l  launch d a t e  i s  t h e  same f o r  bo th  p r o p u l s i o n  
modes. S i m i l a r  d a t a  f o r  o t h e r  f l i g h t  times and s p e c i f i c  
impulses  h a s  n o t  been genera ted  because o f  t h e  poor con- 
vergence o f  t h e  computat ional  technique  f o r  CSI t r a j e c t o r i e s .  
F i g u r e  6 i l l u s t r a t e s  t h e  v a r i a t i o n  o f  J wi th  s p e c i f i c  
impulse f o r  two CSI m i s s i o n s  o f  f i x e d  launch d a t e  and 
f l i g h t  t i m e .  For comparison, p o i n t s  r e p r e s e n t i n g  t h e  J 
va lue  and i n i t i a l  s p e c i f i c  impulse from t h e  cor responding  
V S I  miss ions  have been e n c i r c l e d .  Note t h a t  t h e  op t ima l  
s p e c i f i c  impulse i s  somewhat g r e a t e r  than  t h e  i n i t i a l  
va lue  o f  t h e  V S I  p ropuls ion  mode, and somewhat less than  
t h e  a l l - p r o p u l s i o n  upper l i m i t .  The upper l i m i t  c o r r e -  
sponds t o  t h e  minimum value o f  t h r u s t  wi th  which t h e  
miss ion  may be  accomplished by  CSI propu l s ion .  The 
e x i s t e n c e  f o r  a p a r t i c u l a r  miss ion  o f  an opt imal  CSI 
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s p e c i f i c  impulse somewhat g r e a t e r  t han  t h e  i n i t i a l  V S I  
va lue  i s  p r e d i c t e d  by t h e  r e l a t i o n s  f o r  t r a n s f e r s  i n  
f i e l d - f r e e  space  d e r i v e d  i n  Appendix B.  
The v a r i a t i o n  of p r o p u l s i o n  r equ i r emen t s  w i t h  f l i g h t  
t i m e  i s  o f t e n  o f  i n t e r e s t  t o  t h e  mis s ion  p l a n n e r .  F i g u r e s  
1 and 2 i n d i c a t e  t h a t  for VSI t r a j e c t o r i e s  s t a r t i n g  f r o m  
op t ima l  launch d a t e s ,  l o n g e r  f l i g h t  t i m e s  i n  g e n e r a l  
r e s u l t  i n  l o w e r  p r o p e l l a n t  r equ i r emen t s .  This r e s u l t  i s  
a l s o  a p p a r e n t  from more e x t e n s i v e  d a t a  g e n e r a t e d  by 
Melbourne f o r  mis s ions  o f  o p t i m a l  h e l i o c e n t r i c  t r a n s f e r  
1 
angle .  The v a r i a t i o n  o f  p r o p e l l a n t  r equ i r emen t s  w i t h  
f l i g h t  t i m e  f o r  m i s s i o n s  s t a r t i n g  from a f i x e d  l aunch  
d a t e ,  however, have n o t  t o  t h e  a u t h o r ' s  knowledge been  
analyzed.  The e f f e c t  o f  changing  t h e  a r r i v a l  d a t e  and 
hence t h e  f l i g h t  t i m e  is  o f  p a r t i c u l a r  impor tance  a f t e r  
a s p a c e c r a f t  a l r e a d y  h a s  been launched  on an  i n t e r p l a n e t a r y  
miss ion .  Knowledge o f  t h e  v a r i a t i o n  o f  p r o p e l l a n t  r e q u i r e -  
ments w i t h  remain ing  f l i g h t  t i m e  i s  t h e n  a p p l i c a b l e  t o  
changes i n  f l i g h t  p l a n  ( p e r h a p s  t o  c o u n t e r a c t  u n f o r e s e e n  
c i rcumstances)  a s  w e l l  a s  t o  variable-time-of-arrival 




F i g u r e  7 shows t h e  v a r i a t i o n  o f  J w i t h  f l i g h t  t i m e  
f o r  bo th  CSI and V S I  mi s s ions  s t a r t i n g  from a f i x e d  
launch d a t e .  Data i s  incomplete  due t o  t h e s i s  t i m e  
l i m i t a t i o r i s ,  y e t  c e r t a i n  t r e n d s  a r e  a p p a r e n t .  For s h o r t  
f l i g h t  t i m e s  o f  200 days  or l e s s ,  i n c r e a s i n g  t h e  f l i g h t  
t i m e  r educes  p r o p u l s i o n  requi rements  o f  bo th  V S I  and CSI 
t r a j e c t o r i e s .  For  longe r  f l i g h t  t i m e s ,  f u r t h e r  p r o p e l l a n t  
r e d u c t i o n  i s  minimal. I n  f a c t ,  t h e r e  may e x i s t  an  o p t i m a l  
f l i g h t  t i m e  a t  which t h e  r e q u i r e d  p r o p e l l a n t  r e a c h e s  a t  
l e a s t  a r e l a t i v e  minimum. The dashed cu rves ,  r e p r e s e n t i n g  
p r o p e l l a n t  p r e d i c t i o n s  based on t h e  method developed i n  
Chap te r  V, e x h i b i t  m i n i m u m  v a l u e s .  However, t h e  genera-  
t i o n  o f  f u r t h e r  numer ica l  d a t a  t o  conf i rm o r  r e f u t e  t h e s e  
p r e d i c t i o n s  is necessary .  
I t  shou ld  b e  noted  i n  p a s s i n g  t h a t  t h e  phenomenon 
o f  i n f i n i t e  s w i t c h i n g  ( swi t ch ing  between power-on and 
power-off o p e r a t i o n  a t  i n f i n i t e s i m a l  t i m e  i n t e r v a l s )  h a s  
been observed  f o r  CSI mis s ions  employing t h r u s t  l e v e l s  
g r e a t e r  by f a c t o r s  o f  on ly  t w o  or t h r e e  than  t h e  o p t i m a l  
v a l u e s  f o r  t h o s e  miss ions .  I n f i n i t e  s w i t c h i n g  i s  a 
mathemat ica l  s i n g u l a r i t y  no t  e a s i l y  i n t e r p r e t e d  i n  
p h y s i c a l  t e r m s .  I t  i s  undoubtedly r e l a t e d  to  t h e  s i t u a t i o n  
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i n  which a s o - c a l l e d  " s w i t c h i n g  f u n c t i o n "  remains c o n s t a n t  
a t  t h e  s w i t c h i n g  v a l u e  ove r  a f i n i t e  t i m e  i n t e r v a l .  The 
swi t ch ing  f u n c t i o n  i s  a con t inuous  v a r i a b l e  d e r i v e d  by t h e  
a p p l i c a t i o n  o f  op t ima l  c o n t r o l  t h e o r y  t o  t h e  min imiza t ion  
of p r o p e l l a n t  consumption f o r  CSI t r a j e c t o r i e s  . It  
e f f e c t i v e l y  t e l l s  t h e  p r o p u l s i o n  sys tem when t o  t h r u s t  and 
when to  c o a s t .  When i t  i s  g r e a t e r  t h a n  a c e r t a i n  v a l u e ,  
the o p t i m a l  o p e r a t i o n  i s  maximum t h r u s t ;  when l e s s ,  t h e  
opt imal  o p e r a t i o n  i s  minimum t h r u s t  ( z e r o ) .  I n  m o s t  c a s e s ,  
the  s w i t c h i n g  f u n c t i o n  i s  e q u a l  t o  t h e  s w i t c h i n g  v a l u e  
only  i n s t a n t a n e o u s l y .  However, shou ld  i t  remain a t  t h e  
swi t ch ing  v a l u e  o v e r  a f i n i t e  t i m e  i n t e r v a l ,  t h e  o p t i m a l  
t h r u s t  magnitude i s  i n d e t e r m i n a t e  by t h e  p r e s e n t  t h e o r y  
1 3  
f o r  t r a j e c t o r i e s  i n  an inve r se - squa re  c e n t r a l  f o r c e  f i e l d ' .  
The observed  i n f i n i t e - s w i t c h i n g  phenomenon may i n d i c a t e  
t h a t  t h e  o p t i m a l  t h r u s t  magnitude i n  t h a t  r e g i o n  i s  
i n t e r m e d i a t e  between maximum and minimum. Fur thermore ,  
s i n c e  t h e  t h e o r y  does n o t  r e s t r i c t  o p e r a t i o n  t o  o n l y  one 
c o a s t  p e r i o d  ( t h e  "power-coast-power" s o l u t i o n ) ,  i t  a l s o  
appears  t h a t  for c e r t a i n  m i s s i o n s  t h e  p r o p e l l a n t - o p t i m a l  
CSI t r a j e c t o r i e s  may i n  f a c t  r e q u i r e  more than  one  c o a s t  
pe r iod .  F u r t h e r  r e s e a r c h  i n  t h i s  a r e a  i s  recommended. 
r 
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For comparison w i t h  t h e  p r o p u l s i o n  r equ i r emen t s  o f  
l ow- th rus t  mi s s ions ,  F igu res  8 and 9 show t h e  t o t a l  AV 
r e q u i r e d  f o r  b a l l i s t i c  t r a j e c t o r i e s  between E a r t h  and 
Mars. AV i s  t h e  sum o f  t h e  h y p e r b o l i c  excess v e l o c i t i e s  
a t  t h e  t w o  p l a n e t s ,  and e f f e c t i v e l y  measures  t h e  p r o p e l l a n t .  
r e q u i r e d  t o  t r a n s f e r  between t h e  p l a n e t a r y  s p h e r e s  o f  
i n f l u e n c e .  The s i m i l a r i t y  between co r re spond ing  c u r v e s  
f o r  E-M and M-E t r a j e c t o r i e s  i s  a g a i n  appa ren t .  Note a l s o  
t h a t  T -T i s  a g a i n  somewhat less than  % t f o r  E-M OPP L f 
t r a n s f e r s  and about  t h e  s a m e  amount g r e a t e r  t h a n  $ t f o r  
M-E t r a n s f e r s ,  a t  l e a s t  f o r  t h e  s h o r t e r  f l i g h t  t i m e s .  The 
d r a s t i c  p r o p e l l a n t  i n c r e a s e s  i n  t h e  neighborhood o f  c e r t a i n  
launch  d a t e s  f o r  t h e  180- and 210-day t r a j e c t o r i e s  corre- 
spond t o  t h e  h e l i o c e n t r i c  t r a n s f e r  a n g l e ' s  approaching  
180 . Thus t h e  e f f e c t  o f  non-cop lana r i ty  i s  v e r y  s e r i o u s  
f o r  two-impulse b a l l i s t i c  t r a j e c t o r i e s .  The dashed c u r v e s  
r e p r e s e n t  broken-plane t r a j e c t o r i e s ,  i n  which a t h i r d  
r e l a t i v e l y  s m a l l  impulse near m i d - t r a j e c t o r y  accompl ishes  
t h e  n e c e s s a r y  p l a n e  change. The p r o p e l l a n t  r equ i r emen t s  
a r e  t h e r e b y  s i g n i f i c a n t l y  reduced f o r  near-180 t r a n s f e r s .  
I t  i s  a p p a r e n t  t h a t  t h e  c o r r e l a t i o n  o f  b a l l i s t i c  and 
low- th rus t  p r o p u l s i o n  requi rements  a s  sugges ted  by Zo la  
w i l l  be v a l i d  o n l y  when h e l i o c e n t r i c  t r a n s f e r  a n g l e s  a r e  
n o t  c l o s e  t o  180 o r  when two-dimensional ( c o p l a n a r )  








The concep t  o f  a c h a r a c t e r i s t i c  l e n g t h  w i t h  which 
t o  co r re l a t e  p r o p e l l a n t  r equ i r emen t s  ot a g i v e n  m i s s i o n  
wi th in  and among t h e  v a r i o u s  modes of rocket o p e r a t i o n  
has  been sugges t ed  by Zola .  The c h a r a c t e r i s t i c  l e n g t h  
i s  d e f i n e d  f o r  r e c t i l i n e a r  t r a n s f e r s  i n  f ie ld-free s p a c e  
(FFS) a s  
(3-i) 
and i s ,  q u i t e  s imply ,  t h e  d i s t a n c e  t r a v e l l e d  w i t h i n  t h e  
The p r o p e l l a n t  r e q u i r e m e n t s  s p e c i f i e d  f l i g h t  t i m e  t 
f o r  impuls ive  ( b a l l i s t i c ) ,  VSI, and CSI p o i n t - t o - p o i n t  
f' 
t r a n s f e r s  i n  FFS a r e  d e r i v e d  i n  Appendix B.  The c o n s t r a i n t  
t h a t  i n i t i a l  and f i n a l  v e l o c i t i e s  be zero is a p p l i e d ,  
analogous to  t h e  boundary c o n d i t i o n s  on  v e l o c i t y  for  
i n t e r p l a n e t a r y  o r b i t e r  t r a j e c t o r i e s ,  The r e l a t i o n s  for  
29 
propellant requirements can be inverted to yield explicit 
expressions for L: 
(3-2) L=" t, 2 (Impulsive) 
L = - et, L m ,  + -[(,-m,)L C' 
2P 
w h e r e m  and p are defined for convenience as 
1 
P Q = x  
(3-4) 
and c is the exhaust velocity. The ideal velocity 
increment 
is also derived in Appendix B for FFS transfers. For 
the various propulsion modes it is 
Impulsive t and CSI hV = - 2 c L n n . ,  
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C h a r a c t e r i s t i c  l e n g t h  f o r  a c t u a l  i n t e r p l a n e t a r y  
t r a j e c t o r i e s  a r e  c a l c u l a t e d  by s u b s t i t u t i o n  of t h e  
numerically-computed v a l u e s  o f  J o r m i i n t o  t h e  a p p r o p r i a t e  
e x p r e s s i o n  (3-2), (3-3), or (3-4). I d e a l  v e l o c i t y  inc remen t s  
a r e  s i m i l a r l y  c a l c u l a t e d  from (3-8) o r  (3-9). The a c t u a l  
va lues  of t c ,  and p must of c o u r s e  be used.  As d i s c u s s e d  
i n  Chapter  11 ,  a l l  numer ica l  t r a j e c t o r y  d a t a  co r re sponds  
t o  t h e  power r a t i o  p=O.O242 kw/kg. 
f' 
3 . 1  C o r r e l a t i o n  by C h a r a c t e r i s t i c  Lenqth 
F i g u r e  10 shows t h e  c h a r a c t e r i s t i c  l e n g t h s  (L ) of 
C 
180-day Earth-to-Mars t r a j e c t o r i e s  c a l c u l a t e d  o v e r  a 
range o f  launch d a t e s  f o r  each  p r o p u l s i o n  mode. The close 
agreement among t h e  c u r v e s  v e r i f i e s  t h e  r e l a t i v e  indepen-  
dence of c h a r a c t e r i s t i c  l e n g t h  upon p r o p u l s i o n  mode. I n  
c o n t r a s t ,  F i g u r e  11 i l l u s t r a t e s  t h e  poor  c o r r e l a t i o n  
achieved f o r  t h e  same t r a j e c t o r i e s  by u s e  of t h e  i d e a l  
v e l o c i t y  increment  Av . 
Figure  12 shows t h e  c h a r a c t e r i s t i c  l e n g t h  and t h e  
i d e a l  v e l o c i t y  increment  c a l c u l a t e d  o v e r  a r ange  of 
exhaus t  v e l o c i t i e s  f o r  t w o  CSI m i s s i o n s  of f i x e d  launch  
d a t e  and f l i g h t  t i m e .  The n e a r - i n v a r i a n c e  of  c h a r a c t e r i s t i c  
I 
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l e n g t h  w i t h i n  t h e  C S I  mode of o p e r a t i o n  i s  e v i d e n t :  a g a i n ,  
b V  i s  a h i g h l y - v a r i a n t  parameter  w i t h  which poor  c o r r e -  
l a t i o n  i s  achieved .  
N o  d a t a  i s  p r e s e n t e d  to  v e r i f y  t h e  i n v a r i a n c e  o f  
c h a r a c t e r i s t i c  l e n g t h  w i t h i n  t h e  VSI o r  impu l s ive  modes. 
Wi th in  t h e  VSI mode, the on ly  p r o p u l s i o n  parameter  which 
c a n  be chosen a r b i t r a r i l y  is t h e  power r a t i o  p .  I t  can 
be  shown a n a l y t i c a l l y  t h a t  t h e  p r o p e l l a n t - o p t i m a l  
a c c e l e r a t i o n  program f o r  a VSI t r a j e c t o r y  i s  independent  
o f  p;  consequen t ly  n e i t h e r  J nor  t h e  c h a r a c t e r i s t i c  l e n g t h  
d e r i v e d  the re f rom can  vary  w i t h i n  t h e  V S I  mode f o r  a 
p a r t i c u l a r  mi s s ion .  
I n  t h e  c a s e  o f  impulsive t h r u s t i n g ,  o n l y  one ( p r a c t i c a l )  
two-impulse b a l l i s t i c  t r a j e c t o r y  e x i s t s  f o r  a p a r t i c u l a r  
mi s s ion .  Tne h y p e r b o l i c  excess  v e l o c i t i e s  a t  t h e  p l a n e t a r y  
s p h e r e s  of i n f l u e n c e  a r e  the reby  f i x e d .  The sum o f  t h e i r  
magni tudes i s  t h e  Av r e q u i r e d  for t h e  h e l i o c e n t r i c  t r a n s f e r ,  
independent  o f  t h r u s t  l e v e l  or  s p e c i f i c  impulse.  Consequent ly  
t h e  c h a r a c t e r i s t i c  l e n g t h ,  dependent  o n l y  upon Av and t 
from eq. (3-2), must be  i n v a r i a n t  w i t h i n  t h e  impu l s ive  mode 
f o r  a p a r t i c u l a r  mi s s ion .  
f 
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3.2 C h a r a c t e r i s t i c  Lenqths  from T r a j e c t o r y  S t u d i e s  
The c h a r a c t e r i s t i c  l e n g t h s  o f  V S I  and b a l l i s t i c  
t r a j e c t o r i e s  be tween  E a r t h  and Mars a r e  shown a s  f u n c t i o n s  
of launch d a t e  and f l i g h t  t i m e  i n  F i g u r e s  13  through 16. 
The v a l u e s  have been c a l c u l a t e d  from t h e  co r re spond ing  
p r o p e l l a n t  r equ i r emen t s  i l l u s t r a t e d  i n  F i g u r e s  1, 2 ,  8, 
and 9 .  Note t h a t  s i n c e  c h a r a c t e r i s t i c  l e n g t h  v a r i e s  
d i r e c t l y  wi th  J ( V S I )  or  Av ( i m p u l s i v e ) ,  i t  i s  i t s e l f  a 
d i r e c t  measure o f  t h e  p r o p e l l a n t  r e q u i r e d  f o r  a p a r t i c u l a r  
t r a j e c t o r y .  Thus t h e  o p t i m a l  launch  d a t e  T o  f o r  a g iven  
f l i g h t  t i m e  co r re sponds  t o  t h e  m i n i m u m  v a l u e  o f  Lc. 
L 
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observed i n  S e c t i o n  2 . 2 ,  t h e  o p t i m a l  launch  d a t e  f o r  each 
f l i g h t  t i m e  o c c u r s  approximate ly  h a l f  t h e  f l i g h t  t i m e  pr ior  
t o  t h e  d a t e  o f  p l a n e t a r y  o p p o s i t i o n ,  
d i f f e r e n c e  i n  d a t e ,  T - T O  , is  
f o r  E-M t r a j e c t o r i e s ,  and abou t  t h e  
ope L 
T . The e x a c t  
OPP 
somewhat less t h a n  'it 
same amount g r e a t e r  
f 
than $ tf  f o r  M-E t r a j e c t o r i e s .  
T - T o  and t p a r t i c u l a r l y  e v i d e n t  i n  F i g u r e  3, seems 
t o  i n c r e a s e  i n  rough p r o p o r t i o n  w i t h  t 
The d i s c r e p a n c y  between 
ope L f '  
f '  
Perhaps t h e  m o s t  i n t e r e s t i n g  f e a t u r e  o f  t h e  c h a r a c t e r -  
i s t i c  l e n g t h  c u r v e s  i s  t h a t  t h e  minimum v a l u e s  a r e  n e a r l y  
i d e n t i c a l  fo r  E-M and M-E t r a j e c t o r i e s  of t h e  same f l i g h t  
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t i m e ;  f u r t h e r ,  t h e y  v a r y  on ly  s l i g h t l y  w i t h  f l i g h t  t i m e  
i t s e l f ,  d e c r e a s i n g  g r a d u a l l y  a s  f l i g h t  t i m e  i n c r e a s e s .  I n  
f a c t ,  n o t  o n l y  t h e  minimum v a l u e s  b u t  t h e  e n t i r e  c u r v e s  
a r e  remarkably s i m i l a r  among t h e  v a r i o u s  f l i g h t  t i m e s .  (The 
o n l y  e x c e p t i o n s  t o  t h e s e  g e n e r a l  o b s e r v a t i o n s  occur  f o r  the- 
p r e v i o u s l y  mentioned b a l l i s t i c  t r a j e c t o r i e s  o f  near-180 
h e l i o c e n t r i c  t r a n s f e r  angle . )  
3 . 3  I n t e r p l a n e t a r y  G e o m e t r y  
I t  i s  i n s t r u c t i v e  a t  t h i s  p o i n t ,  keep ing  i n  mind t h e  
v a r i a t i o n  of c h a r a c t e r i s t i c  l e n g t h  wi th  launch d a t e ,  t o  
examine t h e  time-dependent p o s i t i o n s  of  E a r t h  and Mars i n  
t h e i r  r e s p e c t i v e  o r b i t s .  I n  p a r t i c u l a r ,  c o n s i d e r  t h e  
l i n e - o f - s i g h t  o r  "communication" d i s t a n c e  between t h e  two 
p l a n e t s .  F igu re  1 7  shows t h i s  geometr ic  l e n g t h  (L ) a s  a 
f u n c t i o n  o f  J u l i a n  d a t e  near o p p o s i t i o n .  The v a r i a t i o n  o f  
9 
L wi th  d a t e  i s  caused by  t h e  e a r t h ' s  p o s s e s s i n g  a g r e a t e r  
a n g u l a r  v e l o c i t y  about  the sun  than  does Mars: t h e  e a r t h  
9 
c a t c h e s  up t o  Mars and "passes"  i t  a t  o p p o s i t i o n .  The 
minimum geomet r i c  l e n g t h  o c c u r s  s l i g h t l y  a f t e r  o p p o s i t i o n  
because  Mars i s  approaching i t s  a p h e l i o n  p o i n t ,  and t h e  
two o r b i t s  a r e  nea r ing  t h e i r  minimum r a d i a l  s e p a r a t i o n  
( n o t  t o  be  confused  wi th  p l a n e t a r y  s e p a r a t i o n ) .  
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By comparison o f  F i g u r e s  1 7  and 13-16, i t  i s  a p p a r e n t  
t h a t  t h e  v a r i a t i o n  o f  L w i t h  J u l i a n  d a t e  nea r  o p p o s i t i o n  
b e a r s  marked resemblance t o  t h e  v a r i a t i o n  of  c h a r a c t e r i s t i c  
l eng th  n e a r  t h e  o p t i m a l  launch  d a t e s .  The g e n e r a l l y  
p a r a b o l i c  curve-shapes a r e  q u i t e  s i m i l a r ,  and t h e  minimum 
va iues  a r e  roughly  t h e  same ( w i t h i n  10 t o  15%).  I n  f a c t ,  
were t h e  p l a n e t a r y  s e p a r a t i o n  shown i n  F i g u r e  1 7  superposed  
on t h e  c h a r a c t e r i s t i c  l e n g t h  diagrams a t  t h e  a p p r o p r i a t e  
d a t e s ,  i t  would be c o n s i s t e n t  w i t h  t h e  observed  t r e n d s  o f  
op t ima l  launch d a t e s  and d e c r e a s i n g  minimum v a l u e s .  
g 
A l i t t l e  thought  shou ld  i n d i c a t e  t h a t  t h e  geomet r i c  
p l a n e t a r y  s e p a r a t i o n  a t  a p a r t i c u l a r  d a t e  is, i n  a c t u a l i t y ,  
the c h a r a c t e r i s t i c  l e n g t h  f o r  t h e  VSI or  impu l s ive  t r a j e c t o r y  
d e p a r t i n g  from e i t h e r  p l a n e t  on t h a t  d a t e  and a r r i v i n g  a f t e r  
an i n f i n i t e s i m a l  f l i g h t  t i m e  a t  t h e  o t h e r  p l a n e t ,  e f f e c t i v e l y  
on t h e  same d a t e .  I n  o t h e r  words, 
L = l i m i t  L 
f 
g t + O  
(3-10) 
For s m a l l  f l i g h t  t i m e s ,  t h e  s p a c e c r a f t  a c c e l e r a t i o n s  and 
v e l o c i t i e s  a r e  much g r e a t e r ,  r e s p e c t i v e l y ,  t h a n  t h e  
g r a v i t a t i o n a l  a c c e l e r a t i o n  due  t o  t h e  sun  or  t h e  h e l i o -  
f c e n t r i c  v e l o c i t i e s  of t h e  p l a n e t s .  I n  t h e  l i m i t ,  a s  t 
approaches z e r o ,  t h e  l a t t e r  a r e  comple t e ly  n e g l i g i b l e ,  and 
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t h e  i n t e r p l a n e t a r y  t r a j e c t o r y  becomes e s s e n t i a l l y  a 
p o i n t - t o - p o i n t  t r a n s f e r  i n  FFS. The d i s t a n c e  t r a v e l l e d  
i n  FFS ( h e r e ,  t h e  p l a n e t a r y  s e p a r a t i o n  d i s t a n c e )  i s  by  
d e f i n i t i o n  t h e  c h a r a c t e r i s t i c  l e n g t h .  
I t  h a s  p r e v i o u s l y  been observed  t h a t  o r b i t a l  
e c c e n t r i c i t y  can  be o f  s i g n i f i c a n t  e f f e c t  on i n t e r p l a n e t a r y  
p r o p u l s i o n  r equ i r emen t s ,  b u t  t h a t  o r b i t a l  i n c l i n a t i o n  i s  
of ve ry  l i t t l e .  The e x p l a n a t i o n  is  v e r y  s imple  i n  t e r m s  
o f  p l a n e t a r y  s e p a r a t i o n  and c h a r a c t e r i s t i c  l e n g t h .  The 
r e l a t i v e l y  l a r g e  e c c e n t r i c i t y  of t h e  Mar t ian  o r b i t  
(e=0.093) c a u s e s  i ts  r a d i a l  d i s t a n c e  from t h e  e a r t h ' s  
s l i g h t l y - e l l i p t i c  o r b i t  (e=0.017) t o  v a r y  from 0.37 a .u .  
a t  p e r i h e l i o n  to  0.68 a .u .  a t  aphe l ion .  Consequent ly ,  
t h e  p l a n e t a r y  s e p a r a t i o n  L f o r  " f a v o r a b l e "  o p p o s i t i o n s  
o c c u r r i n g  nea r  t h e  Mart ian p e r i h e l i o n  p o i n t  w i l l  be  closer 
t o  0.37 a .u .  ; t h e  s e p a r a t i o n  f o r  "un favorab le"  o p p o s i t i o n s  
o c c u r r i n g  nea r  t h e  aphel ion  p o i n t  w i l l  be c l o s e r  t o  0.68 
a .u .  Assuming t h a t  a c o r r e l a t i o n  e x i s t s  between c h a r a c t e r -  
i s t i c  l e n g t h  and geometr ic  p l a n e t a r y  s e p a r a t i o n ,  one would 
then  e x p e c t  t h e  optimum c h a r a c t e r i s t i c  l e n g t h s  t o  v a r y  much 
i n  t h e  same p r o p o r t i o n  1 . 8 4 : l )  between f a v o r a b l e  and 
unfavorab le  o p p o s i t i o n s  The cor responding  J i n t e g r a l s  
9 
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wouid t h e n  vary  acco rd ing  t o  t h e  s q u a r e ,  o r  by a f a c t o r  
of approximate ly  3.4.  Melbourne and S a u e r ' s  d a t a  shows 
an ana logous  v a r i a t i o n  by a f a c t o r  o f  3.5 f o r  t r a j e c t o r i e s  
cor responding  t o  o p t i m a l  t r a n s f e r  a n g l e s  and d i f f e r e n t  
i n t e r c e p t  p o i n t s  on t h e  Mar t i an  o r b i t .  
14 
The o r b i t a l  i n c l i n a t i o n  of Mars (1.85') c a u s e s  Mars 
t o  r each  i t s  maximum d i s t a n c e  below t h e  e a r t h ' s  e c l i p t i c  
p l a n e  (0.045 a . u . )  nea r  t h e  1971 o p p o s i t i o n .  The minimum 
p l a n e t a r y  s e p a r a t i o n  is then  0.375 a . u . ,  abou t  0.7% l a r g e r  
than i t s  p r o j e c t i o n  on t h e  e c l i p t i c .  Thus, go ing  from 
cop lana r  t o  non-coplanar t r a j e c t o r i e s  shou ld  i n c r e a s e  
va lues  of Lc by abou t  0.7%, 
Numerical d a t a  shown i n  F i g u r e  5 shows a n  a c t u a l  i n c r e a s e  
of roughly  2%. 
and of J by abou t  1.4%. 
Oppos i t i on  p e r i o d s  o f  Mars occur  approx ima te ly  a t  
780-day i n t e r v a l s .  The n e x t  few f a v o r a b l e  o p p o s i t i o n s  
w i l l  occur  i n  1971, 1986, and 1988;  un favorab le  o p p o s i t i o n s  
w i l l  occur  i n  1965, 1978, and 1980. 
Conjunct ions  of  E a r t h  and Venus o c c u r  v e r y  n e a r l y  
a t  580-day i n t e r v a l s ,  t h e  n e x t  i n  e a r l y  1966. The o r b i t  
of Venus is  ve ry  n e a r l y  c i r c u l a r  ( e=0 .007) ,  and i s  i n c l i n e d  
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3.40 from t h e  e c l i p t i c  p l ane .  The r a d i a l  s e p a r a t i o n  
between t h e  o r b i t s  v a r i e s  o n l y  from 0.265 to  0.289 a .u . ;  
hence ,  v a l u e s  of J shou ld  v a r y  by less t h a n  20% between 
f a v o r a b l e  and un favorab le  c o n j u n c t i o n s .  The e f f e c t  o f  
o r b i t a l  i n c l i n a t i o n  on J should a g a i n  be s m a l l ,  abou t  1%. . 
Favorab le  c o n j u n c t i o n s  occur i n  1966, 1974, and 1982; 
un favorab le ,  i n  1967, 1972, 1975, 1980, and 1983. The 
d i f f e r e n c e s  a r e  r e l a t i v e l y  s m a l l  f o r  p r o p u l s i o n  purposes .  
CHAPTER I V  
CORRELATION O F  CHARACTERISTIC LENGTH W I T H  
INTERPLANETARY GEOMETRY 
4 . 1  F u n c t i o n a l  R e l a t i o n s h i p s  of C h a r a c t e r i s t i c  Lenqth 
The b a s i c  f u n c t i o n a l  dependence o f  c h a r a c t e r i s t i c  
i eng th  o n  t h e  v a r i o u s  mis s ion  pa rame te r s  h a s  been 
i n v e s t i g a t e d  i n  Chapter  I11 and can  now be summarized. 
C h a r a c t e r i s t i c  l e n g t h  i s  n e a r l y  independent  of t h e  mode 
of r o c k e t  o p e r a t i o n ,  and of t h e  power and t h r u s t  l e v e l s  
w i th in  a p a r t i c u l a r  mode. I t  is ,  however, s t r o n g l y  
dependent upon launch d a t e  and f l i g h t  t ime ,  and hence  to  
t h e  a s s o c i a t e d  i n t e r p l a n e t a r y  geometry.  For a f i x e d  
f l i g h t  time, t h e  magnitude and v a r i a t i o n  o f  c h a r a c t e r i s t i c  
l eng th  nea r  t h e  op t ima l  launch  d a t e  a r e  v e r y  s i m i l a r  t o  
t h e  magnitude and v a r i a t i o n  of p l a n e t a r y  s e p a r a t i o n  
d i s t a n c e  nea r  t h e  subsequent  o p p o s i t i o n  d a t e .  The o p t i m a l  
launch d a t e  o c c u r s  approx ima te ly  h a i f  t h e  co r re spond ing  
f l i g h t  t i m e  p r i o r  t o  o p p o s i t i o n ;  t h e  a s s o c i a t e d  minimum 
39 
I .  
v a l u e  o f  c h a r a c t e r i s t i c  l e n g t h  i s  o n l y  weakly dependent  
upon t g r a d u a l l y  d e c r e a s i n g  w i t h  l o n g e r  f l i g h t  t i m e s .  f' 
4 . 2  Mean T r a i e c t o r y  T i m e  
The c h a r a c t e r i s t i c  l e n g t h  and t h e  i n t e r p l a n e t a r y  
geometry a s s o c i a t e d  w i t h  a p a r t i c u l a r  m i s s i o n  can be 
c l o s e l y  c o r r e l a t e d  by  a parameter  t* which s h a l l  be 
d e s i g n a t e d  t h e  "mean t r a j e c t o r y  t i m e .  I' Consider  t h e  
fo l lowing  argument. Character is t ic  l e n g t h  i s  a d i r e c t  
measure o f  t h e  t o t a l  p r o p e l l a n t  consumption and hence 
o f  t h e  ave rage  p r o p u l s i o n  r equ i r emen t s  a s s o c i a t e d  wi th  
a p a r t i c u l a r  miss ion .  M i n i m u m  c h a r a c t e r i s t i c  l e n g t h  
( fo r  a g iven  f l i g h t  t i m e )  r e s u l t s  when t h e  minimum 
s e p a r a t i o n  o f  launch and t a r g e t  p l a n e t s  o c c u r s  a t  
approximate ly  h a l f  t h e  t o t a l  f l i g h t  t i m e  a f t e r  launch ,  
and i s  roughly  e q u a l  to t h a t  geometr ic  d i s t a n c e .  I n  
f a c t ,  t h e  rough e q u a l i t y  a l s o  h o l d s  t r u e  f o r  non-minimum 
c h a r a c t e r i s t i c  l e n g t h s  and p l a n e t a r y  s e p a r a t i o n s  -- a s  
long  a s  t h e  p e r t i n e n t  p l a n e t a r y  s e p a r a t i o n  i s  chosen to  
be t h a t  a t  approximate ly  h a l f  t h e  f l i g h t  t i m e  a f t e r  launch .  
Thus t h e  c h a r a c t e r i s t i c  l eng th  i s  c o r r e l a t e d  wi th  p l a n e t a r y  
s e p a r a t i o n ,  n o t  a t  t he  beginning  o r  end o f  a t r a j e c t o r y ,  
b u t  a t  a p a r t i c u l a r  time a long  t h e  t r a j e c t o r y  which i s  
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near h a l f  t h e  t o t a l  f l i g h t  t i m e .  T h i s  p a r t i c u l a r  t i m e  i s  
de f ined  a s  t h e  “mean t r a j e c t o r y  t i m e , ”  t*. Note t h a t  t* 
i s  n o t  d i r e c t l y  r e l a t e d  t o  d a t e  except through t h e  launch  
d a t e  f o r  a g i v e n  t r a j e c t o r y .  I t  is  s imply  t h e  p a r t i c u l a r  
i n s t a n t  i n  running  t r a j e c t o r y  t ime,  measured from l aunch ,  
a t  which t h e  s imul t aneous  p l a n e t a r y  s e p a r a t i o n  i s  best  
c o r r e l a t e d  wi th  t h e  c h a r a c t e r i s t i c  l e n g t h .  S p e c i f i c a l l y ,  
s i n c e  p l a n e t a r y  s e p a r a t i o n  L i s  s o l e l y  a f u n c t i o n  o f  d a t e ,  
and c h a r a c t e r i s t i c  l e n g t h  L is  a s i g n i f i c a n t  f u n c t i o n  o n l y  
of l aunch  d a t e  and f l i g h t  t i m e ,  t h e  c o r r e l a t i o n  c a n  b e  
g 
C 
summarized by t h e  e x p r e s s i o n  
(4-1) 
Note t h a t  t h e  minimum c h a r a c t e r i s t i c  l e n g t h  o c c u r s  f o r  
a g iven  f l i g h t  t i m e  when T + t*=T . Thus t h e  o p t i m a l  
launch d a t e  is  
L ope  
Mean t r a j e c t o r y  t i m e  e v i d e n t l y  i s  of l i t t l e  p r a c t i c a l  
use f o r  c a l c u l a t i n g  approximate  c h a r a c t e r i s t i c  l e n g t h s  
from eq. (4-1) u n l e s s  i t  c a n  be e v a l u a t e d  from known 
mission parameters :  launch d a t e ,  f l i g h t  t ime ,  and t h e  
. 41 
a s s o c i a t e d  geometry of the  p l a n e t s .  Examinat ion o f  F i g u r e s  
13,  14, and 17 r e v e a l s  a very  s imple  r e l a t i o n s h i p  b e t w e e n  
t* and mis s ion  parameters f o r  VSI miss ions .  S i n c e  t h e  
shapes  of t h e  c h a r a c t e r i s t i c - l e n g t h  c u r v e s  a r e  q u i t e  
s imi l a r  t o  t h a t  of the p l a n e t a r y - s e p a r a t i o n  c u r v e ,  t* 
must be n e a r l y  independent  of launch d a t e  f o r  a g iven  
f l i g h t  t i m e .  The v a r i a t i o n  o f  t* w i t h  t c a n  t h e n  be  
f 
F i g u r e s  1 3  
f '  
de te rmined  from t h e  v a r i a t i o n  of T w i t h  t 
L 
and 14 i n d i c a t e  t h i s  v a r i a t i o n  t o  be n e a r l y  l i n e a r :  hence 
f :  t* is,  to  good approximation,  l i n e a r l y  p r o p o r t i o n a l  t o  t 
t* S k tf 
(4-3) 
For  E-M t r a j e c t o r i e s ,  k is somewhat less t h a n  $: f o r  M-E 
t r a j e c t o r i e s ,  k is about  t h e  same amount g r e a t e r  than  $ 
(see F i g u r e  3 ) .  I f  t h e  k's of  t h e  r e s p e c t i v e  t r a j e c t o r y  
d i r e c t i o n s  a r e  des igna ted  a s  k and k , t h e  r e l a t i o n s h i p  
e m  m e  
i s  
k S 1 - k  
e m  m e  
I t  w i l l  be noted  from F igures  1 3  and 1 4  t h a t  t h e  a c t u a l  
v a l u e s  of kern and k 
m e  
for V S I  t r a j e c t o r i e s  nea r  t h e  1971 
4 2  
o p p o s i t i o n  a r e  about  0.45 and 0.55, r e s p e c t . i v e l y .  
Mean t r a j e c t o r y  t i m e s  f o r  b a l l i s t i c  t r a j e c t o r i e s  
can be approximated i n  t h e  same manner .  The c h a r a c t e r -  
i s t i c - l e n g t h  c u r v e s  shown i n  F i g u r e s  15  and 16 a r e  n o t  
q u i t e  a s  s i m i l a r  t o  one a n o t h e r  a s  a r e  t h e  co r re spond ing  
VSI curves ,  due t o  t h e  l a r g e  e f f e c t  o f  non-cop lana r i ty  
on near-180 b a l l i s t i c  t r a n s f e r s .  Consequent ly ,  t h e  k 
of eq.  (4-3) v a r i e s  somewhat w i t h  launch  d a t e  and f l i g h t  
t i m e .  However, o p t i m a l  launch  d a t e s  can  s t i l l  be  d e t e r -  
mined approximate ly  by u s i n g  eqs. (4-2) , (4 -3 ) ,  and t h e  
k f o r  V S I  t r a j e c t o r i e s .  
The r e l a t i o n s h i p  of mean t r a j e c t o r y  t i m e  t o  t o t a l  
f l i g h t  time can  be i n t e r p r e t e d  q u a l i t a t i v e l y  on p h y s i c a l  
grounds.  Cons ider  t h e  p o t e n t i a l  e n e r g i e s  o f  E a r t h ,  Mars, 
and t h e  s p a c e c r a f t  w i t h i n  t h e  g r a v i t a t i o n a l  f i e l d  of  t h e  
sun. S i n c e  p o t e n t i a l  energy  v a r i e s  i n v e r s e l y  w i t h  
r a d i a l  d i s t a n c e  from t h e  sun ,  t h e  a v e r a g e  p o t e n t i a l  
energy o f  t h e  t r a n s f e r  o c c u r s  a t  a r a d i a l  d i s t a n c e  closer 
t o  t h e  e a r t h ' s  o r b i t  than  t o  t h e  M a r t i a n  o r b i t .  Thus t h e  
s p a c e c r a f t  can be expec ted  t o  a c h i e v e  i t s  ave rage  p o t e n t i a l  
energy a t  less t h a n  h a l f  t h e  f l i g h t  t i m e  f o r  E-M t r a n s f e r s ,  
and a t  more t h a n  h a l f  t h e  f l i g h t  t ime  f o r  M-E t r a n s f e r s .  
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Furthermore,  s i n c e  t h e  h e l i o c e n t r i c  angu la r  v e l o c i t y  o f  
t h e  e a r t h  is g r e a t e r  t han  t h a t  of Mars, and t h e  s p a c e c r a f t  
angu la r  v e l o c i t y  changes smoothly from one to  t h e  o t h e r  
d u r i n g  a t r a n s f e r ,  t h e  s p a c e c r a f t  w i l l  accomplish h a l f  
i t s  t o t a l  angu la r  t r a v e l  i n  less  than  h a l f  t h e  f l i g h t  
t i m e  f o r  E-M miss ions ,  and i n  more than  h a l f  t h e  f l i g h t  
t i m e  f o r  M-E miss ions .  Consequently,  t h e  mean t r a j e c t o r y  
t i m e  seems t o  be t h a t  time a t  which t h e  s p a c e c r a f t  a r r i v e s  
a t  t h e  p o i n t  on t h e  t r a j e c t o r y  most r e p r e s e n t a t i v e  o f  t h e  
t o t a l  t r a n s f e r .  The most r e p r e s e n t a t i v e  p o i n t  i s  t h a t  one 
which b e s t  averages  t h e  r a d i a l  motion accord ing  t o  t h e  
p o t e n t i a l  energy change, and t h e  c i r c u m f e r e n t i a l  motion 
acco rd ing  t o  t h e  h e l i o c e n t r i c  angu la r  change. S ince  
r a d i a l  and c i r c u m f e r e n t i a l  motions along a c t u a l  V S I  
t r a j e c t o r i e s  a r e  r e s p e c t i v e l y  s i m i l a r  f o r  d i f f e r e n t  
f l i g h t  t i m e s  ( j u s t  s t r e t c h e d  o u t  i n  t i m e ,  more o r  less,  
acco rd ing  t o  t h e  t o t a l  f l i g h t  t i m e  a v a i l a b l e ) ,  i t  i s  
r easonab le  t o  expec t  t h e  mean t r a j e c t o r y  t i m e  t o  be 
p r o p o r t i o n a l  t o  f l i g h t  t i m e .  Furthermore,  s i n c e  t h e s e  
motions a r e  e f f e c t i v e l y  reversed  between M-E and E-M 
t r a j e c t o r i e s ,  i t  is a l s o  reasonable  t o  expec t  t h e  
r e s p e c t i v e  mean t r a j e c t o r y  t i m e s  t o  be  r e l a t e d  accord ing  
t o  eq. (4-4) : one mean t r a j e c t o r y  t i m e  i s  ve ry  n e a r l y  
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t h e  d i f f e r e n c e  between t and t h e  r e v e r s e  mean t r a j e c t o r y  
time. 
f 
Mean t r a j e c t o r y  t i m e s  can be c a l c u l a t e d  approxi -  
m a t e l y  i n  t h e  fo l lowing  manner. Determine t h e  r a d i a l  
d i s t a n c e s  from t h e  sun o f  t h e  launch p l a n e t  a t  T and 
the t a r g e t  p l a n e t  a t  a r r i v a l .  C a l l  t h e s e  r and r . 
The r a d i a l  d i s t a n c e  co r re spond ing  t o  t h e  average  p o t e n t i a l  
L 
L T 
energy i s  then 
2r r - r =  L T  
r r  
L T  
The  f r a c t i o n a l  r a d i a l  d i s t a n c e  t h a t  t h e  s p a c e c r a f t  must 
t r a v e l  t o  ach ieve  t h e  average  p o t e n t i a l  energy  i s  
* L t  
The t i m e  r e q u i r e d  t o  t r a v e l  t h i s  f r a c t i o n a l  d i s t a n c e  i s  
eva lua ted  by c o n s i d e r i n g  the  r a d i a l  motion t o  be t h a t  of 
a r e c t i l i n e a r  V S I  t r a n s f e r  i n  FFS. The a p p r o p r i a t e  FFS 
equa t ion  r e l a t i n g  f r a c t i o n a l  t r a j e c t o r y  t ime  t o  f r a c t i o n a l  
d i s t a n c e  t r a v e l l e d  ( d e r i v e d  i n  Appendix B)  i s ,  f o r  t h e  
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c a s e  a t  hand, 
f 
(4-7) 
S u b s t i t u t i n g  (4-6) i n t o  eq. (4-7) y i e l d s  t h e  approximate  
v a l u e  of t=t* f o r  t h e  t r a j e c t o r y .  Fo r  convenience,  
eq. (4-7) i s  shown p l o t t e d  i n  F i g u r e  18; t h e  v a r i a t i o n  o f  
Ar 
V S I  t ra jector ies .  Mean t r a j e c t o r y  t i m e s  c a l c u l a t e d  i n  
t h i s  manner a g r e e  wi th  those observed  a t  t h e  o p t i m a l  
launch d a t e s  ( F i g u r e s  1 3  and 14)  t o  w i t h i n  a few p e r c e n t .  
I n  f a c t ,  t h e  v a l u e s  o f  k so d e r i v e d  v a r y  v e r y  l i t t l e ;  
e s s e n t i a l l y  t h e  same accuracy can  be a t t a i n e d  u s i n g  t h e  
f i x e d  v a l u e s  
w i t h  t i m e  is remarkably similar t o  t h a t  f o r  a c t u a l  
k S 0.45 e m  
k Z 0.55 
m e  
For  i n t e r p l a n e t a r y  miss ions  t o  t h e  o u t e r  p l a n e t s ,  
such a s  t o  J u p i t e r  or t o  S a t u r n ,  t h e  s p a c e c r a f t  must 
undergo a much l a r g e r  pe rcen tage  change i n  o r b i t a l  
a n g u l a r  momentum than  i n  energy.  Thus t h e  "best" ave rage  
p o i n t  a l o n g  t h e  t r a j e c t o r y  may w e l l  be b e t t e r  de te rmined  
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o n  the b a s i s  of a n g u l a r  momentum t h a n  on t h a t  of energy .  
S ince  a n g u l a r  momentum is rough ly  p r o p o r t i o n a l  t o  r , 
energy t o  1: 
a g r e a t e r  d i s t a n c e  from t h e  sun t h a n  t h e  ene rgy  ave rage .  
Outbound mean t r a j e c t o r y  t i m e s  based  on averaged  a n g u l a r  
momentum would t h u s  be g r e a t e r  t h a n  t h o s e  based  o n  averaged  
energy. N o  t r a j e c t o r y  d a t a  h a s  been g e n e r a t e d  b y  t h e  
au thor  to  check such c a s e s .  
si 
-1 , t h e  a n g u l a r  momentum ave rage  w i l l  occu r  a t  
. . 47 
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CHAPTER V 
THE AVERAGED TRAJECTORY IN FIELD-FREE SPACE 
5 .1  The Averaqed T r a j e c t o r y  
The r e s u l t s  of Chapters  I11 and I V  i n d i c a t e  t h a t  
i n t e r p l a n e t a r y  t r a n s f e r s  can b e  v a s t l y  s i m p l i f i e d  f o r  
pu rposes  o f  c a l c u l a t i n g  opt imal  launch d a t e s  and 
approximate  p r o p u l s i o n  requi rements .  The fo l lowing  
summary w i l l  s e r v e  to  e l u c i d a t e  t h o s e  r e s u l t s .  
Mean t r a j e c t o r y  t i m e  e f f e c t u a l l y  ave rages  t h e  
p o s i t i o n s  o f  t h e  launch and t a r g e t  p l a n e t s  wi th  r e s p e c t  
t o  t h e  s p a c e c r a f t  d u r i n g  an i n t e r p l a n e t a r y  t r a n s f e r .  The 
g e o m e t r i c a l  s e p a r a t i o n  d i s t a n c e  between t h e  averaged 
p l a n e t a r y  p o s i t i o n s  i s  roughly e q u a l  t o  t h e  c h a r a c t e r i s t i c  
l e n g t h  o f  t h e  a c t u a l  t r a j e c t o r y ;  i t  i s  i d e n t i c a l l y  e q u a l  
t o  t h e  c h a r a c t e r i s t i c  length  of  t h e  r e c t i l i n e a r  t r a n s f e r  
between t h o s e  p o i n t s  i n  f i e l d - f r e e  space .  F u r t h e r ,  t h e  
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c h a r a c t e r i s t i c  l e n g t h  i s  a measure o f  t h e  t o t a l  p r o p e l l a n t  
consumption, and hence o f  t h e  averaged p r o p u l s i o n  r e q u i r e -  
m e n t s  of a t r a j e c t o r y .  It may t h u s  be concluded t h a t  
a c t u a l  t r a j e c t o r y  p ropu l s ion  requi rements  a r e  approximated 
by t h o s e  of  a r e c t i l i n e a r  t r a n s f e r  i n  FFS between t h e  
p o s i t i o n s  o f  t h e  launch and t a r g e t  p l a n e t s  a t  t h e  mean 
t r a j e c t o r y  t i m e .  This FFS t r a n s f e r  w i l l  be des igna ted  
the "averaged t r a j e c t o r y "  . 
The averaged t r a j e c t o r y  i s  a s i m p l i f i e d  model of  
the t r u e  i n t e r p l a n e t a r y  t r a j e c t o r y .  It i s  o f  p a r t i c u l a r  
value t o  mission p lanning  because of t h e  r e s u l t i n g  e a s e  
with which op t ima l  launch d a t e s  and approximate pro-  
pu l s ion  requi rements  can be c a l c u l a t e d .  The o n l y  d a t a  
necessary  f o r  t h e s e  c a l c u l a t i o n s  a r e  t h e  p l a n e t a r y  p o s i t i o n s  
a s  f u n c t i o n s  of  d a t e ,  and c e r t a i n  pa rame te r s  d e s c r i b i n g  
the p ropu l s ion  system: exhaus t  v e l o c i t y  ( i m p u l s i v e ) ,  
power-to-mass r a t i o  ( V S I )  , o r  both  (CSI) . The s imple  
forms of  t h e  a p p r o p r i a t e  FFS e q u a t i o n s  and p r o p e l l a n t  
r e l a t i o n s  a l low r a p i d  hand c a l c u l a t i o n  of  d e s i r e d  q u a n t i t i e s .  
The a v e r a g e d - t r a j e c t o r y  model is most u s e f u l  i n  t h e  a n a l y s i s  
of  l ow- th rus t  t r a n s f e r s ,  b u t  may be  a p p l i e d  as w e l l  t o  
b a l l i s t i c  t r a j e c t o r i e s  f o r  which t h e  h e l i o c e n t r i c  t r a n s f e r  
8 
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a n g l e s  a r e  n o t  close t o  180 deg .  
5 . 2  O p t i m u m  S p e c i f i c  I m p u l s e  f o r  C S I  T r a j e c t o r i e s  
The f a c t  t h a t  t h e  p r o p u l s i o n  r equ i r emen t s  of an a c t u a l  
i n t e r p l a n e t a r y  t r a j e c t o r y  a r e  approximated by  t h o s e  o f  a n  - 
averaged  t r a n s f e r  i n  FFS s u g g e s t s  t h a t  f u r t h e r  p r o p e r t i e s  
o f  l ow- th rus t  t r a j e c t o r i e s  c a n  b e  d e r i v e d  by  a p p l i c a t i o n  
of FFS r e l a t i o n s .  Examples a re  p r e s e n t e d  i n  t h i s  and t h e  
n e x t  s e c t i o n .  
F i r s t ,  c o n s i d e r  t h e  v a r i a t i o n  of p r o p e l l a n t  r e q u i r e -  
ments  wi th  s p e c i f i c  impulse, or  exhaus t  v e l o c i t y ,  f o r  CSI 
t r a j e c t o r i e s .  As noted  i n  S e c t i o n  2 . 2  and i l l u s t r a t e d  i n  
F i g u r e  6, t h e r e  e x i s t s  an optimum exhaus t  v e l o c i t y  f o r  
any g iven  mis s ion  and power l e v e l .  By a p p l y i n g  appro- 
p r i a t e  FFS r e l a t i o n s  (de r ived  i n  Appendix B) t o  t h e  
c h a r a c t e r i s t i c  l e n g t h  o f  t he  g iven  mis s ion ,  t h e  approximate 
optimum e x h a u s t  v e l o c i t y  can be r e a d i l y  c a l c u l a t e d .  
The charac te r i s t ic  l eng th  of t h e  mis s ion  i s  assumed 
t o  be known. For  a .CSI  t r a n s f e r  i n  FFS, i t  i s  r e l a t e d  t o  
t h e  exhaus t  v e l o c i t y  and f i n a l  mass r a t i o  by eq. ( 3 - 4 ) ,  
r e p e a t e d  here for  convenience: 
2 L = -et, ha, + - 29 [(I--, )a 
(5 -1)  
5 0  
where,  a g a i n ,  
and 
The op t imum exhaus t  v e l o c i t y  c i s  t h a t  v a l u e  which 
maximizes r ~ .  and, hence,  minimizes  p r o p e l l a n t  con- 
OP t 
1 
sumption. c i s  e v a l u a t e d  by s t r a i g h t f o r w a r d  d i f f e r -  
o p t  
e n t i a t i o n  o f  eq. (5-1) w i th  r e s p e c t  t o  c.  The a l g e b r a  
i s  carr ied o u t  i n  Appendix B ;  t h e  r e s u l t  i s  
2 
-1 1 3  +e -2f ) f  + ( ,-ef) = 0 
D 
where t h e  optimum exhaus t  v e l o c i t y  i s  
I 3L c+ = -- 
3 Zt, 
and D i s  a mis s ion  " d i f f i c u l t y  factor"  d e f i n e d  a s  
The r e s u l t i n g  maximum value  o f m  i s  1 
Note t h a t  eq. (5-4) can be s o l v e d  a n a l y t i c a l l y  f o r  t h e  
l i m i t i n g  c a s e s  of ve ry  s m a l l  and very  l a r g e  mis s ion  
d i f f i c u l t y  f a c t o r s .  
de r ived :  








I t  i s  i n s t r u c t i v e  t o  de t e rmine  t h e  r e l a t i o n s h i p  
between t h e  o p t i m a l  exhaus t  v e l o c i t y  f o r  CSI t r a n s f e r s  
and t h e  i n i t i a l  e x h a u s t  v e l o c i t y  f o r  ( p r o p e l l a n t - o p t i m a l )  
V S I  t r a n s f e r s  i n  FFS. From Appendix B, t h e  i n i t i a l  
exhaus t  v e l o c i t y  c f o r  t h e  V S I  t r a n s f e r  i s  
(5-14) 
(5-15) 
The r e l a t i o n  DZ 3 i s  e a s i l y  v e r i f i e d  from eq. (5 -4 ) :  
t h e  e q u a l i t y  h o l d s  o n l y  i n  t h e  l i m i t  a s  D approaches  
zero .  Thus eq. (5-5) i m p l i e s  t h a t ,  f o r  a l l  0 , 
4 
=.fi 2 3 =o(".l) 
(5-16) 
This  r e s u l t  is i n  agreement  w i t h  t h e  d a t a  shown i n  F i g u r e  
6. 
The a l l - p r o p u l s i o n  upper  l i m i t  on t h e  e x h a u s t  
v e l o c i t y  for  a C S I  mi s s ion  c a n  a l so  be  d e r i v e d .  T h i s  
l i m i t  co r r e sponds  t o  t h e  l o w e s t  t h r u s t  l e v e l  w i t h  which 
the miss ion  can  be  accompl ished;  no c o a s t  p e r i o d  i s  
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p o s s i b l e .  The e q u a t i o n  corresponding t o  (5-1) for  t h e  
c a s e  o f  ze ro  c o a s t  time i s  
(5-17) r - 
E q .  (5-17) canno t  i n  gene ra l  be so lved  e x p l i c i t l y  f o r  
t h e  l i m i t i n g  exhaus t  v e l o c i t y ,  c . However, f o r  t h e  
1 i m  
s p e c i a l  c a s e s  i n  which D 4 4  1 o r  DP.1, t h e  l i m i t i n g  
v a l u e s  can b e  determined: 
(5-18) 
(5-19) 
Comparison of eqs. (5-18) and (5-19) wi th  (5-9) and 
(5-10) , r e s p e c t i v e l y ,  r e v e a l s  t h a t  t h e  a l l - p r o p u l s i o n  
upper l i m i t s  a r e  o n l y  s l i g h t l y  g r e a t e r  than t h e  c o r r e -  
sponding optimum v a l u e s  of exhaus t  v e l o c i t y .  
c u l a r ,  
I n  p a r t i -  
( 5 - 2 0 )  
(5-21) 
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These r e s u l t s ,  too, a g r e e  g e n e r a l l y  wi th  o b s e r v a t i o n s  
from numer ica l  t r a j e c t o r y  s t u d i e s  14, 15 
A sample c a l c u l a t i o n  o f  optimum e x h a u s t  v e l o c i t y  
w i l l  i l l u s t r a t e  t h e  method. Cons ide r  t h e  150-day E-M 
m i s s i o n  launched a t  T =J. D. 244 1080.5. (Th i s  mis s ion  
i s  one  o f  t h e  t w o  f o r  which numer ica l  d a t a  i s  p r e s e n t e d  
i n  F i g u r e  6 . )  The mean t r a j e c t o r y  t i m e  f o r  t h e  mis s ion  
i s  
L 
t*=k t = 67.5 days  
e m  f 
where t h e  v a l u e  0.45 h a s  been used f o r  k , a s  s u g g e s t e d  
i n  S e c t i o n  4.2. The d a t e  co r re spond ing  t o  t h e  mean t r a -  
e m  
j e c t o r y  time i s  t h u s  
T*=T + t*=J. D. 244 1148.0 
L 
The p l a n e t a r y  s e p a r a t i o n  a t  T* is  found from F i g u r e  17  t o  
be 
L (T*)=0.428 a.u: 
g 
This  v a l u e  is  t h e  c h a r a c t e r i s t i c  l e n g t h  o f  t h e  averaged  
t r a j e c t o r y ,  and i s  roughly  ( w i t h i n  1 2 % )  e q u a l  t o  t h e  
c h a r a c t e r i s t i c  l e n g t h  of t h e  a c t u a l  t r a j e c t o r y .  
Thus 
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L z L  = 0.428 a.u.  
c g  
R e c a l l  t h a t  t h e  power r a t i o  i s  
Then t h e  mis s ion  d i f f i c u l t y  f a c t o r ,  by eq. (5-6) i s  
D = 0.262 
To e v a l u a t e  f , eq. (5-4) must be  so lved  by t r i a l  and 
e r r o r .  For t h e  f i r s t  t r i a l ,  u se  a v a l u e  f o r  3 somewhat 
less than  t h e  a c t u a l  D, say 3 ' .  Then c a l c u l a t e  t h e  
co r re spond ing  va lue  D' from eq. (5-4). For t h e  n e x t  
t r i a l ,  u se  t h e  v a l u e  3'' c a l c u l a t e d  from t h e  e q u a t i o n  
(5-22) 
T h i s  i t e r a t i v e  p r o c e s s  converges ve ry  q u i c k l y .  The v a l u e  
o f  5 f o r  t h e  p r e s e n t  case is found t o  be 
The optimum exhaus t  v e l o c i t y  i s  then  c a l c u l a t e d  from eq. 
(5-5) t o  be 
au m 
Copt = 0,OZOO- I 34,600- src do\)  
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6 
(The conve r s ion  f a c t o r  is 1 .0  au/day=1.7315 x 10 m/sec.) 
The co r re spond ing  o p t i m a l  s p e c i f i c  impulse  is 
9 
A more a c c u r a t e  v a l u e  f o r  c can  be c a l c u l a t e d  b y  
us ing  t h e  c h a r a c t e r i s t i c  l e n g t h  of t h e  co r re spond ing  V S I  
opt 
t r a j e c t o r y  i n  eqs. (5-5) and (5-6) .  From F i g u r e  13 ,  t h i s  
va lue  is 
L =0.381 a .u .  
C 
Ca r ry ing  o u t  t h e  p reced ing  c a l c u l a t i o n s  once  more y i e l d s  
t h e  f o l l o w i n g  r e s u l t s :  
D=O. 208 
f = 0 . 1 7 6  
au m c =0.0216 -37,500 - day sec 
o p t  
= 3820 sec.  
( Isp) o p t  
For pu rposes  o f  comparison, t h e  t r u e  optimum exhaus t  
v e l o c i t y  and s p e c i f i c  impulse f o r  t h e  m i s s i o n  can be 
determined from t h e  numer ica l  d a t a  shown i n  F i g u r e  6 .  
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They a r e  
C = 0.0211 au = 36,600 m 
o p t  day sec 
The approximate va lues  c a l c u l a t e d  by t h e  s imple  t echn ique  
a r e  remarkably accu ra t e :  t h e  e r r o r  i s  less than  6% i n  
t h e  f i r s t  c a s e ,  less than  3% i n  t h e  second. A few minutes  
o f  s l i d e - r u l e  work have y i e lded  e s s e n t i a l l y  t h e  same 
r e s u l t s  a s  s e v e r a l  t r a j e c t o r y  runs  on t h e  d i g i t a l  computer 
-- plus a g r e a t  d e a l  more i n s i g h t  i n t o  t h e  e f f e c t s  of t h e  
s e v e r a l  v a r i a b l e s  involved. 
5.3 Optimal F l i q h t  Time 
The v a r i a t i o n  of low- thrus t  p r o p e l l a n t  requirements  
wi th  f l i g h t  t i m e  h a s  been d i s c u s s e d  i n  S e c t i o n  2 . 2 .  From 
t h e  r e s u l t s  o f  numerical  s t u d i e s ,  it appears  t h a t  pro-  
p e l l a n t  requi rements  f o r  both V S I  and C S I  miss ions  d e c r e a s e  
monotonica l ly  a s  t h e  f l i g h t  t i m e s  i n c r e a s e  -- provided 
t h a t  t h e  op t ima l  launch da te  i s  chosen f o r  each f l i g h t  
t i m e .  Choosing t h e  opt imal  launch d a t e  f o r  each t 
e f f e c t i v e l y  p i c k s  t h e  t r a j e c t o r y  o f  m i n i m u m  c h a r a c t e r i s t i c  
l eng th  f o r  t h a t  f l i g h t  t i m e .  Each of t h e s e  t r a j e c t o r i e s  
f 
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can t h u s  be approximated by t h e  same averaged t r a j e c t o r y  
i n  FFS: t h a t  between t h e  p o s i t i o n s  o f  t h e  launch and 
t a r g e t  p l a n e t s  a t  o p p o s i t i o n .  It is a well-known r e s u l t  
t h a t  t h e  p r o p e l l a n t  requi rement  o f  a f i x e d  low- thrus t  
t r a n s f e r  i n  FFS d e c r e a s e s  c o n t i n u o u s l y  a s  t h e  a v a i l a b l e  
f l i g h t  t i m e  i n c r e a s e s .  Th i s  r e s u l t  i s  e v i d e n t  from t h e  
now-familiar c h a r a c t e r i s t i c - l e n g t h  e q u a t i o n s  
(5-23) 
When L i s  f i x e d ,  i n c r e a s i n g  t w i t h o u t  




l i m i t  r educes  J 
con t inuous ly  t o  
1 . 0 ,  both o f  which cor respond t o  reducing  t h e  p r o p e l l a n t  
consumption t o  z e r o .  This g e n e r a l  conc lus ion  i s  n o t  
a l t e r e d  by t h e  f a c t  t h a t  a c t u a l  minimum v a l u e s  of  L 
a c t u a l l y  dec rease  g r a d u a l l y  wi th  f l i g h t  t i m e ,  as shown 
i n  F i g u r e s  13 and 14. 
C 
For t h e  c a s e  i n  which t h e  launch d a t e  i s  f i x e d ,  t h e  
above conclus ion  i s  no longe r  v a l i d .  Each f l i g h t  t i m e  
corresponds to  a d i f f e r e n t  averaged  t r a j e c t o r y ,  and hence 
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. t o  a d i f f e r e n t  c h a r a c t e r i s t i c  l e n g t h .  The c h a r a c t e r i s t i c  
l e n g t h  is roughly  equa l  t o  t h e  p l a n e t a r y  s e p a r a t i o n  
d i s t a n c e  a t  t h e  mean t r a j e c t o r y  t i m e  t* = k t  a s  i n d i c a t e d  
by t h e  r e l a t i o n  
f '  
Lc (TL, tf) S L (T + k t  ) 
g L  f 
(5-25) 
The minimum v a l u e s  o f  L and L occur  when T 4 k t  = T . 
f OPP g C L 
Then, when k t  < T - T (where T is f i x e d ) ,  a f u r t h e r  
f OPP L L 
i n c r e a s e  i n  t w i l l  reduce L and L : however, when 
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k t  > T - T , f u r t h e r  extending t h e  f l i g h t  time w i l l  
f OPP L 
cause both to  i n c r e a s e .  For any g iven  launch d a t e ,  then ,  
i n c r e a s i n g  t wi thou t  bound w i l l  e v e n t u a l l y  cause  t h e  
f 
c h a r a c t e r i s t i c  l e n g t h  i n  eqs. (5-23) and (5-24) t o  grow 
l a r g e r .  I f  L should  i n c r e a s e  r a p i d l y  enough, a p o i n t  
w i l l  be  reached a t  which f u r t h e r  ex tens ion  o f  t h e  f l i g h t  
C 
time w i l l  r e q u i r e  g r e a t e r  f u e l  expend i tu re .  Consequently,  
i t  i s  l i k e l y  t h a t  for miss ions  s t a r t i n g  from c e r t a i n  
launch d a t e s  t h e r e  e x i s t  f i n i t e  f l i g h t  t i m e s  a t  which 
t h e  p r o p e l l a n t  consumption i s  l o c a l l y  minimized. 
The v a r i a t i o n  o f  p r o p e l l a n t  requirements  wi th  f l i g h t  
t i m e  f o r  mi s s ions  of f i x e d  launch d a t e  i s  o f  l i t t l e  
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c o n c e r n  f o r  p r e l i m i n a r y  mis s ion  p l ann ing .  I n  g e n e r a l  
t h e  o p t i m a l  launch d a t e  w i l l  be chosen f o r  any p a r t i c u l a r  
f l i g h t  t i m e ,  though i n  some s i t u a t i o n s  t h e  launch  d a t e  
may be r e s t r i c t e d .  I n  t h e  more advanced s t a g e s  o f  m i s s i o n  
p l ann ing ,  however, t h e  effects  on  p r o p e l l a n t  consumption 
of changing  t h e  mis s ion  f l i g h t  p l a n  wh i l e  t h e  s p a c e c r a f t  
i s  e n  r o u t e  must be de termined .  The v a r i a t i o n  of pro-  
p e l l a n t  requi rement  w i th  f l i g h t  t i m e  from a f i x e d  launch  
d a t e  i s  p a r t i c u l a r l y  r e l e v a n t  t o  t h a t  a n a l y s i s ,  and t o  
the  r e l a t e d  s t u d y  o f  v a r i a b l e - t i m e - o f - a r r i v a l  gu idance  
techniques .  
The v a r i a t i o n  o f  p r o p e l l a n t  w i t h  f l i g h t  t i m e  can be 
e v a l u a t e d  q u a n t i t a t i v e l y  a s  w e l l  a s  q u a l i t a t i v e l y  by  u s e  
of t he  a v e r a g e d - t r a j e c t o r y  concep t  and t h e  a s s o c i a t e d  FFS 
equa t ions .  The procedure  i s  s imply  t o  e v a l u a t e  J or-% 
f o r  v a r i o u s  f l i g h t  t i m e s  from eqs. (5-23) or (5-241,  u s i n g  
a s  t h e  c h a r a c t e r i s t i c  l e n g t h s  the approximate  v a l u e s  
c a l c u l a t e d  a s  f u n c t i o n s  o f  f l i g h t  t i m e  f r o m  eq. ( 5 - 2 5 ) .  
The dashed c u r v e s  o f  F i g u r e  7 show t h e  r e s u l t s  o f  sample 
c a l c u l a t i o n s  c a r r i e d  o u t  i n  t h i s  manner for  both  t h e  V S I  
and CSI modes o f  p r o p u l s i o n ;  t h e  s o l i d  cu rve$  r e p r e s e n t  
a c t u a l  numerical  d a t a  f o r  t h e  Same m i s s i o n s .  Observe t h a t  
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t h e  cu rves  d e r i v e d  s imply from t h e  averaged t r a j e c t o r y  
model e x h i b i t  t h e  same t r end  of  p r o p e l l a n t  r e d u c t i o n  wi th  
i n c r e a s i n g  f l i g h t  t i m e  as do t h e  t r u e  curves .  I n c r e a s i n g  
t h e  f l i g h t  t i m e  much ove r  300 days is  o f  l i m i t e d  v a l u e  
f o r  d e c r e a s i n g  p r o p e l l a n t  requi rements .  It  i s  a t  t h i s  
p o i n t  t h a t  t h e  i n c r e a s i n g  c h a r a c t e r i s t i c  l eng th  t ends  t o  
c a n c e l  t h e  reducing  e f f e c t  o f  l onge r  f l i g h t  time on pro-  
p e l l a n t  consumption. The approximate cu rves  i n  f a c t  
e x h i b i t  minimum v a l u e s  of J a t  f l i g h t  t i m e s  somewhat 
g r e a t e r  than  300 days ;  i n s u f f i c i e n t  numerical  d a t a  h a s  
been gene ra t ed  t o  confirm t h e  e x i s t e n c e  of  an op t ima l  
f l i g h t  t i m e  f o r  t h e  a c t u a l  t r a j e c t o r i e s .  
Though t h e  s imple model seems t o  p r e d i c t  wi th  reason-  
a b l e  accuracy  t h e  v a r i a t i o n  of J with f l i g h t  t i m e ,  t h e  
a c t u a l  v a l u e s  so de r ived  a r e  g e n e r a l l y  cons ide rab ly  l a r g e r  
than  t h e  t r u e  va lues :  e r r o r s  of 60% o r  more a r e  observed 
a t  t h e  longer  f l i g h t  t i m e s .  Such e r r o r s  a r e  t o  be expec ted .  
The rough agreement between c h a r a c t e r i s t i c  l e n g t h  and t h e  
p l a n e t a r y  s e p a r a t i o n  d i s t a n c e  g e n e r a l l y  d e t e r i o r a t e s  a s  
f l i g h t  t i m e s  i n c r e a s e .  For example, comparison of F i g u r e s  
1 3  and 14 wi th  F igu re  1 7  i n d i c a t e s  t h a t  t h e  minimum L f o r  
C 
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90-day VSI t r a j e c t o r i e s  i s  o n l y  5% less than  t h e  minimum 
L a t  o p p o s i t i o n ,  b u t  i s  23% less than  t h a t  v a l u e  f o r  
210-day t r a n s f e r s .  Consequent ly  t h e  approximate m i n i m u m  
va lues  of J d e r i v e d  from t h e  p l a n e t a r y  s e p a r a t i o n  d i s t a n c e  
w i l l  be 10% and 50% l a r g e r ,  r e s p e c t i v e l y ,  than  t h e  t r u e  
va lues .  The p e r c e n t  e r r o r  i n  c h a r a c t e r i s t i c  l e n g t h  i s  
e f f e c t i v e l y  doubled, s i n c e  t h e  J i n t e g r a l  i s  p r o p o r t i o n a l  
t o  L2 f o r  V S I  mi s s ions ,  and i s  approximate ly  so f o r  CSI 
miss ions .  
I 
g 
The observed e r r o r s  i n  J do n o t ,  however, g r e a t l y  
l i m i t  t h e  va lue  o f  t h e  a v e r a g e d - t r a j e c t o r y  model f o r  
c a l c u l a t i n g  approximate p r o p u l s i o n  r equ i r emen t s .  For  
purposes  of  p r e l i m i n a r y  miss ion  p l ann ing ,  a 60% o r  even 
a 100% e r r o r  i n  t h e  low v a l u e s  of a q u a n t i t y  t h a t  v a r i e s  
over a range of two o r  more o r d e r s  of magnitude i s  n o t  
p a r t i c u l a r l y  s e r i o u s ,  p rovided  t h e  g e n e r a l  t r e n d  o f  t h e  
v a r i a t i o n  i s  reasonably  a c c u r a t e .  Furthermore,  s i n c e  
t h e  p e r c e n t  e r r o r  i n  J is  l a r g e  o n l y  f o r  t h e  long  f l i g h t  
t imes when J is r e l a t i v e l y  s m a l l ,  t h e  e f f ec t  on f i n a l  mass 
r a t i o  is g r e a t l y  reduced. T h i s  f a c t  i s  e v i d e n t  from eq. 
( 2 - 2 )  , which can be r e w r i t t e n  a s  
(5-26) 
6 3  
The p e r c e n t  e r r o r  i n  f i n a l  mass r a t i o  i s  approx ima te ly  
(5-27) 
where m4 is t h e  f i n a l  mass r a t i o  m /m . Thus when J i s  
f o  
s m a l l  compared t o  p,  t h e  error i n  J h a s  l i t t l e  e f f ec t  on 
t h e  f i n a l  mass r a t i o .  Th i s  f a c t  i s  i l l u s t r a t e d  i n  F i g u r e  
19a,where t h e  f i n a l  mass r a t i o s  f o r  t h e  cases under  con- 
s i d e r a t i o n  are shown as f u n c t i o n s  o f  f l i g h t  t i m e ;  t h e  
r a t i o  of power t o  i n i t i a l  mass i s  a g a i n  
-6 2 p=O.O242 &=0.6988 x 10 
kg 
. 
The e r r o r  i n m 4 i s  a t  most 5%, 
f l i g h t  t i m e s .  The accuracy w i l l ,  o f  c o u r s e ,  improve w i t h  
h i g h e r  power ra t ios  and d e t e r i o r a t e  w i th  lower ones .  
and o n l y  2% a t  t h e  l o n g e r  
5.4 Empirical C o r r e c t i o n  of C h a r a c t e r i s t i c  Lenqth 
The accu racy  of p r o p e l l a n t  requi rements  c a l c u l a t e d  
w i t h  t h e  a v e r a g e d - t r a j e c t o r y  model can  be g r e a t l y  improved 
b y  t h e  a p p l i c a t i o n  of  an e m p i r i c a l  c o r r e c t i o n  f a c t o r  t h a t  
be t te r  re la tes  t h e  t r u e  c h a r a c t e r i s t i c  length ,  of a t ra-  
j e c t o r y  t o  t h e  p l a n e t a r y  s e p a r a t i o n  d i s t a n c e  a t  mean t r a -  
j ec t o r y  t i m e .  
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L 
Close  comparison o f  F i g u r e s  13 and 14 wi th  F i g u r e  1 7  
i n d i c a t e s  t h a t  minimum v a l u e s  of c h a r a c t e r i s t i c  l e n g t h  
(L ) d e c r e a s e  w i t h  f l i g h t  t i m e  f o r  f l i g h t  t i m e s  up t o  
about  270 days  i n  v e r y  n e a r l y  t h e  f o l l o w i n g  f a s h i o n :  
C 
where L is t h e  p l a n e t a r y  s e p a r a t i o n  d i s t a n c e  a t  oppo- 
s i t i o n .  The parameter  E t u r n s  o u t  t o  be a lmost  e x a c t l y  
9 
e q u a l  to  t h e  average  of t h e  mean a n g u l a r  mot ions  of 
Ea r th  and Mars: 
(5-29) 
For f l i g h t  t i m e s  g r e a t e r  t han  270 days ,  eq. (5-28) does  
n o t  y i e l d  a c c u r a t e  r e s u l t s .  B e t t e r  a ccu racy  shou ld  be 
a t t a i n a b l e  wi th  t h e  e x p r e s s i o n  
Equat ions  (5-28) and (5-30) a r e  a p p l i c a b l e  o n l y  t o  
t h e  minimum v a l u e s  of c h a r a c t e r i s t i c  l e n g t h  and p l a n e t a r y  
s e p a r a t i o n  d i s t a n c e .  The g e n e r a l  d i s c r e p a n c y  b e t w e e n  L 
C 
. 
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and t h e  co r re spond ing  L i .e ,  g' 
c 
A L ( T ~ , ~ + )  = p,+t*) - L,hL,tC) 
(5-31) 
v a r i e s  i n  a r a t h e r  compl ica ted  f a s h i o n  as t h e  launch d a t e  
i s  moved f a r t h e r  from t h e  optimum i n  e i t h e r  d i r e c t i o n .  
For  f l i g h t  t i m e s  less t h a n  200 days,  A L g e n e r a l l y  d e c r e a s e s  
a s  ITL-TiI i n c r e a s e s ;  f o r  greater  f l i g h t  t imes ,  t h e  conve r se  
i s  t r u e .  
e x p r e s s i o n  
The v a r i a t i o n  can be d e s c r i b e d  roughly  by t h e  
(5-32) 
where Al' i s  t h e  d iscrepancy  a t  t h e  o p t i m a l  launch d a t e ,  
g i v e n  by (5-28) o r  (5-30) .  Combining eq. (5-32) wi th  
(5-28) or (5-30) y i e l d s  the approximate e m p i r i c a l  c o r r e c -  
t i o n  between t h e  p l a n e t a r y  s e p a r a t i o n  d i s t a n c e  a t  mean 
t r a j e c t o r y  t i m e  and t h e  t r u e  c h a r a c t e r i s t i c  l eng th :  
A L ( T , , ~ ~ )  
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The c h a r a c t e r i s t i c  l e n g t h  i s  then  
The c o r r e c t i o n  term, though a r a t h e r  compl ica ted  adden- 
dum t o  an o t h e r w i s e  s imple  t r a j e c t o r y  model, i s  never -  
t h e l e s s  e a s i l y  c a l c u l a t e d  when g r e a t e r  accu racy  o f  
p r e d i c t e d  p r o p e l l a n t  r equ i r emen t s  i s  d e s i r e d .  Only t h e  
mean a n g u l a r  v e l o c i t i e s  o f  t h e  p l a n e t s ,  p l u s  t h e  p l ane -  
t a r y  p o s i t i o n a l  d a t a  n e c e s s a r y  t o  d e f i n e  t h e  averaged  
t r a j e c t o r y ,  a r e  r e q u i r e d .  Note,  t oo ,  t h a t  
To i l l u s t r a t e  t h e  improved accuracy  r e s u l t i n g  f r o m  
a p p l i c a t i o n  of t h e  e m p i r i c a l  c o r r e c t i o n  term, t h e  v a r i a -  
t i o n  of p r o p e l l a n t  requi rement  w i t h  f l i g h t  t i m e  f o r  t h e  
sample V S I  mi s s ion  o f  S e c t i o n  5 . 3  h a s  b e e n  r e c a l c u l a t e d .  
F igu re  19bcompares t h e  c o r r e c t e d  v a l u e s  o f  J w i t h  t h e  
t r u e  v a l u e s ;  t h e  accuracy  i s  much improved o v e r  t h e  
uncor rec t ed  v a l u e s  shown i n  F i g u r e  6. Errors i n  J have 
been reduced from over  60% a t  t h e  l o n g e r  f l i g h t  t i m e s  
t o  on ly  2% o n  t h e  average .  I n  g e n e r a l ,  however, such 
good agreement canno t  be  e x p e c t e d  e x c e p t  when launch 
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dates  are near the optimum for each f l i g h t  t i m e .  "he 
correc t ion  f a c t o r  (5-32)  i s  not  accurate for l arge  va lues  
of the r a t i o  
Presumably launch dates  that are  near-optimal w i l l  be  of 




6.1 General Remarks 
The broad  a s p e c t s  o f  i n t e r p l a n e t a r y  m i s s i o n  
p l ann ing  have  been d i s c u s s e d  i n  Chap te r  I .  The p r e -  
l i m i n a r y  p l a n n i n g  phase  can  g e n e r a l l y  be reduced  to  
op t imiz ing  t h e  mis s ion  on t h e  bas i s  o f  p r o p e l l a n t  
expend i tu re .  P r o p e l l a n t  e x p e n d i t u r e  w i l l  be de te rmined  
s o l e l y  by t h e  c h o i c e  o f  p r o p u l s i o n  sys tem,  launch  d a t e ,  
and f l i g h t  time: hence  i t  i s  w i t h  t h e s e  three d e s i g n  
parameters  t h a t  p r e l i m i n a r y  m i s s i o n  p l a n n i n g  i s  p r i -  
m a r i l y  concerned .  Both t e c h n i c a l  and n o n - t e c h n i c a l  
c o n s t r a i n t s  o n  t h e  p a r a m e t e r s  r e q u i r e  t r a d e - o f f  s t u d i e s  
by which t h e  b e s t  combina t ion  for a p a r t i c u l a r  m i s s i o n  
may be a s c e r t a i n e d .  I n  t h e  p a s t ,  t r a d e - o f f  s t u d i e s  have  
‘ i n v o l v e d  t h e  g e n e r a t i o n  of l a r g e  q u a n t i t i e s  of t r a j e c t o r y  
d a t a  t o  e v a l u a t e  t h e  e f f e c t s  of pa rame te r  changes:  fo r  
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l o w - t h r u s t  p r o p u l s i o n  systems t h e  p r o c e s s  h a s  been 
p a r t i c u l a r l y  time-consuming, r e q u i r i n g  machine compu- 
t a t i o n  of an  a d d i t i o n a l  t r a j e c t o r y  f o r  each parameter 
change. 
P r e l i m i n a r y  a n a l y s i s  of  i n t e r p l a n e t a r y  o r b i t e r  
m i s s i o n s  can  be g r e a t l y  f a c i l i t a t e d  by use  o f  t h e  
averaged  t r a j e c t o r y  model developed i n  Chapter  V. The 
model i s  s p e c i f i c a l l y  a p p l i c a b l e  to  t h e  h e l i o c e n t r i c  
p o r t i o n  of two-body i n t e r p l a n e t a r y  t r a j e c t o r i e s  matching 
t h e  p l a n e t a r y  p o s i t i o n s  and v e l o c i t i e s  a t  t h e  end p o i n t s .  
( F u r t h e r  a p p l i c a t i o n s  o f  the model a r e  d i s c u s s e d  i n  
Chap te r  V I I . )  The model i s  o f  p a r t i c u l a r  v a l u e  because  
of t h e  e a s e  wi th  which t h e  e f f e c t s  of parameter  changes 
can  be e v a l u a t e d  from t h e  a s s o c i a t e d  f i e l d - f r e e  space  
e q u a t i o n s .  
The averaged t r a j e c t o r y  concep t  e f f e c t i v e l y  i m p l i e s  
t h a t  fo r  each i n t e r p l a n e t a r y  mis s ion ,  d e f i n e d  by a 
s p e c i f i c  launch d a t e  and f l i g h t  t ime,  t h e r e  e x i s t s  a 
un ique  c h a r a c t e r i s t i c  l eng th .  The c h a r a c t e r i s t i c  l e n g t h  
h a s  been shown t o  be n e a r l y  i n v a r i a n t  among and w i t h i n  
the v a r i o u s  p r o p u l s i o n  modes, b u t  t o  be  d i r e c t l y  r e l a t e d  
t o  t h e  i n t e r p l a n e t a r y  geometry. Thus v a r i o u s  p r o p u l s i o n  
sys tems can be  compared and t h e  e f fec ts  o f  changing 
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p r o p u l s i o n  pa rame te r s  (power l eve l  and s p e c i f i c  impulse)  
e v a l u a t e d  f o r  each mis s ion  s imply  by a p p l y i n g  t h e  appro-  
p r i a t e  FFS e q u a t i o n s  t o  i t s  p a r t i c u l a r  c h a r a c t e r i s t i c  
l eng th .  R e s u l t s  w i l l  o f  c o u r s e  be approximate,  b u t  
c e r t a i n l y  w i l l  be a c c u r a t e  enough t o  r educe  g r e a t l y  t h e  
machine computat ion r e q u i r e d  t o  e s t a b l i s h  t h e  optimum 
c o n f i g u r a t i o n .  
6 . 2  Determina t ion  o f  Optimal  Launch Da tes  
It i s  a p p a r e n t  from t h e  p r e c e d i n g  d i s c u s s i o n  t h a t  
p r e l i m i n a r y  mis s ion  a n a l y s i s  can  be focussed  o n  d e t e r -  
mining t h e  v a r i a t i o n  o f  c h a r a c t e r i s t i c  l e n g t h  wi th  launch 
d a t e  and f l i g h t  t i m e .  I t  h a s  been shown i n  p r e v i o u s  
c h a p t e r s  t h a t  an  optimum launch  d a t e  a t  which t h e  cha rac -  
t e r i s t i c  l e n g t h  i s  l o c a l l y  minimized e x i s t s  f o r  any g i v e n  
f l i g h t  t ime,  and t h a t  t h i s  d a t e  o c c u r s  a t  app rox ima te ly  
h a l f  t h e  f l i g h t  t i m e  p r i o r  t o  t h e  subsequen t  o p p o s i t i o n  
( o r  c o n j u n c t i o n )  o f  t h e  p l a n e t s  i n  q u e s t i o n .  Thus t h e  
sea rch  f o r  o p t i m a l  launch d a t e s  may immedia te ly  be 
l o c a l i z e d  w i t h i n  t h e  neighborhood o f  t h e  f i r s t  p e r i o d  o f  
p l a n e t a r y  a l ignment  a t  which t h e  m i s s i o n  w i l l  be t ech -  
n o l o g i c a l l y  f e a s i b l e .  
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For any g i v e n  f l i g h t  t ime, t h e  optimum launch  d a t e  
can  b e  de te rmined  t o  w i t h i n  a few days  by t h e  f o l l o w i n g  
p rocedure .  F i r s t ,  t h e  geometr ic  s e p a r a t i o n  d i s t a n c e  
between t h e  launch  and t a rge t  p l a n e t s  must be o b t a i n e d  
a s  a f u n c t i o n  o f  time n e a r  t h e  d a t e  o f  p l a n e t a r y  a l i g n -  
ment. (For s i m p l i c i t y ,  consider an  o p p o s i t i o n . )  For 
n e a r - c i r c u l a r  p l a n e t a r y  o r b i t s  o f  small  i n c l i n a t i o n ,  t h e  
minimum s e p a r a t i o n  d i s t a n c e  w i l l  o c c u r  e s s e n t i a l l y  a t  
t h a t  d a t e .  Next,  t h e  mean t r a j e c t o r y  t i m e  t* f o r  a 
t y p i c a l  t r a j e c t o r y  o f  t h e  s p e c i f i e d  f l i g h t  t i m e  is 
c a l c u l a t e d  by  t h e  procedure d e s c r i b e d  i n  S e c t i o n  4 . 2 .  
(Th i s  t y p i c a l  t r a j e c t o r y  f o r  best  r e s u l t s  should  s t a r t  
a t  a launch d a t e  c l o s e  t o  one h a l f  t h e  f l i g h t  t i m e  p r i o r  
t o  o p p o s i t i o n . )  The optimum launch  d a t e  is then  ve ry  
n e a r l y  e q u a l  t o  t h e  o p p o s i t i o n  d a t e  minus t h e  mean t r a -  
j e c t o r y  t i m e  so determined.  S i n c e  t h e  r a t i o  o f  mean 
t r a j e c t o r y  t i m e  t o  f l i g h t  t i m e  i s  n e a r l y  independent  
of launch d a t e  o r  f l i g h t  t i m e  f o r  t r a n s f e r s  ( i n  t h e  same 
d i r e c t i o n )  between n e a r - c i r c u l a r  o r b i t s ,  t h e  o p t i m a l  
launch d a t e s  f o r  o t h e r  f l i g h t  t i m e s  a r e  e a s i l y  c a l c u l a t e d  
f r o m  t h e  f i r s t .  
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Optimum launch d a t e s  can a l s o  be de termined  from 
reference t r a j e c t o r y  d a t a .  S i n c e  t h e  c h a r a c t e r i s t i c  
l eng th  o f  a p a r t i c u l a r  t r a j e c t o r y  i s  n e a r l y  independent  
of p r o p u l s i o n  mode, i t  f o l l o w s  t h a t  t h e  o p t i m a l  launch 
d a t e  f o r  each f l i g h t  t ime w i l l  also be n e a r l y  independent  . 
of p r o p u l s i o n  mode. Thus t h e  c h a r a c t e r i s t i c  l e n g t h s  
c a l c u l a t e d ,  f o r  example, from t h e  A\/ of impu l s ive  
( b a l l i s t i c )  h e l i o c e n t r i c  t r a j e c t o r i e s  may be used t o  
e s t a b l i s h  t h e  o p t i m a l  launch d a t e s  f o r  l ow- th rus t  t r a -  
j e c t o r i e s  of t h e  same f l i g h t  t i m e s .  (Care  must b e  t aken ,  
however, t o  i g n o r e  b a l l i s t i c  t r a j e c t o r y  d a t a  co r re spond ing  
t o  near-180 deg. t r a n s f e r  a n g l e s . )  Thus t h e  s o - c a l l e d  
"launch windows" f o r  b a l l i s t i c  t r a j e c t o r i e s  w i l l  i n  m o s t  
c a s e s  app ly  as  w e l l  to  low- th rus t  t r a j e c t o r i e s .  
6 . 3  Determina t ion  o f  P r o p e l l a n t  Requirements  
. 
O n c e  t h e  c h a r a c t e r i s t i c  l e n g t h  of a p a r t i c u l a r  
m i s s i o n  h a s  been de termined ,  t h e  p r o p e l l a n t  r equ i r emen t s  
can be c a l c u l a t e d  from t h e  a p p r o p r i a t e  FFS e q u a t i o n s .  
Eqs .  (3-2)  t o  (3-4) r e l a t e  t h e  m i s s i o n  c h a r a c t e r i s t i c  
l e n g t h  t o  t h e  AV, J, o r  m /m fo r  impu l s ive ,  V S I ,  O r  
CSI p r o p u l s i o n  sys tems,  r e s p e c t i v e l y .  Av and J a r e  
f o  
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themselves  r e l a t e d  t o  the f i n a l  mass r a t i o  by  t h e  e q u a t i o n s  
For q u i c k  calculat ion of approximate  p r o p e l l a n t  
r equ i r emen t s ,  t h e  p l a n e t a r y  s e p a r a t i o n  d i s t a n c e  L of 
t h e  averaged t r a j e c t o r y  f o r  t h e  mis s ion  may be used a s  
t h e  c h a r a c t e r i s t i c  l e n g t h .  As d i s c u s s e d  i n  S e c t i o n  5.3, 
p e r c e n t  errors i n  t h e  va lues  of J c a l c u l a t e d  i n  t h i s  
f a s h i o n  for  V S I  or CSI t r a j e c t o r i e s  w i l l  g e n e r a l l y  
i n c r e a s e  w i t h  longe r  f l i g h t  t imes ,  b e i n g  of t h e  o r d e r  
of 10% f o r  90-day t r a j e c t o r i e s  and 50% f o r  210-day 
t r a n s f e r s .  However, t h e s e  errors a r e  g r e a t l y  reduced 
i n  e f fec t  on t h e  f i n a l  mass r a t i o  and co r re spond ing  
p r o p e l l a n t  mass. 
g 
Cons ide rab ly  better accuracy may be achieved  w i t h  
the  averaged  t r a j e c t o r y  model when t h e  p l a n e t a r y  sepa-  
r a t i o n  d i s t a n c e  L is  modif ied by t h e  e m p i r i c a l  c o r r e c t i o n  
t e r m  developed i n  S e c t i o n  5.4. For  launch d a t e s  reasona-  
b l y  c l o s e  ( w i t h i n  30 o r  40 days)  t o  t h e  optimum v a l u e s  
9 
74 
for each  f l i g h t  t ime,  e r r o r s  i n  J can be reduced t o  less 
than 5%. 
When b a l l i s t i c  t r a j e c t o r y  d a t a  i s  a v a i l a b l e ,  t h e  
foregoing  procedure  for c a l c u l a t i n g  c h a r a c t e r i s t i c  l e n g t h s  
is  unnecessary,  excep t  f o r  mis s ions  o f  near-180 deg. 
t r a n s f e r  ang le s .  C h a r a c t e r i s t i c  l e n g t h s  can aga in  be  
c a l c u l a t e d  wi thou t  r ecour se  t o  machine computat ion by  
applying eq. (3-2) t o  t h e  AV'S o f  t h e  a p p r o p r i a t e  h e l i o -  
centric t r a j e c t o r i e s .  The averaged t r a j e c t o r y  model is  
u s e f u l  f o r  de te rmining  which b a l l i s t i c  t r a j e c t o r i e s  w i l l  
y i e l d  t h e  minimum c h a r a c t e r i s t i c  l e n g t h s .  I n  a d d i t i o n ,  
for f l i g h t  t i m e s  g r e a t e r  than  1 2 0  days,  t h e  c o r r e c t e d  
p l a n e t a r y  s e p a r a t i o n  d i s t a n c e  o f t e n  approximates  t h e  
low- thrus t  c h a r a c t e r i s t i c  l e n g t h s  b e t t e r  than  do t h o s e  
of t h e  cor responding  b a l l i s t i c  t r a j e c t o r i e s .  
When t h e  c h a r a c t e r i s t i c  l e n g t h  f o r  a p a r t i c u l a r  
m i s s i o n  h a s  been determined,  h igh -  and low- th rus t  
p ropu l s ion  systems can be compared on t h e  b a s i s  o f  f i n a l  
payload c a p a b i l i t y .  For h i g h - t h r u s t  p r o p u l s i o n  sys tems,  
t h e  f i n a l  mass i n c l u d e s  u s e f u l  payload p l u s  s t r u c t u r e  
and engine  mass, where t h e  l a t t e r  a r e  normal ly  a sma l l  
f r a c t i o n  of  t h e  i n i t i a l  mass. However, f o r  power- l imited 
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p r o p u l s i o n  systems,  t h e  f i n a l  mass r a t i o  a l s o  i n c l u d e s  
t h e  r e l a t i v e l y  l a r g e  mass f r a c t i o n  of t h e  powerplant .  
The u s e f u l  payload is t h u s  c o n s i d e r a b l y  s m a l l e r  than  t h e  
f i n a l  mass of t h e  s p a c e c r a f t .  Once t h e  v a l u e  o f  J f o r  
t h e  m i s s i o n  i s  known, t h e  powerplant can be s i z e d  
acco rd ing  t o  eq. (1-3) so as t o  maximize t h e  payload- 
p l u s - s t r u c t u r e  r a t i o ,  m /m . The maximum v a l u e  o f  t h i s  
r a t i o  i s  g iven  by eq. (1-4) ,  r epea ted  h e r e  f o r  conven- 
L o  
i e n c e  : 
(+) n a u  = ( I - J ~ ) ~  
where i s  t h e  powerplant s p e c i f i c  mass, m /P. This  
r a t i o  may be compared to t h a t  f o r  t h e  h i g h - t h r u s t  system, 
S 
where m is  t h e  engine  mass. It is  i n s t r u c t i v e  t o  e 
s u b s t i t u t e  t h e  FFS equat ions  (3-2) and (3-3) i n t o  (6-3) 
and (6-4) ,  r e s p e c t i v e l y ,  to  o b t a i n  t h e  payload r a t i o  i n  
t e r m s  of t h e  miss ion  c h a r a c t e r i s t i c  l eng th :  
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Because of t h e  nea r - inva r i ance  of c h a r a c t e r i s t i c  l e n g t h  
w i t h  propulsion mode, eqs. (6-5) and (6-6) p r o v i d e  an 
easy means for comparing t h e  m a x i m u m  payload  c a p a b i l i t y  
of l ow- th rus t  p r o p u l s i o n  wi th  t h a t  of h i g h - t h r u s t  pro-  
pulsion.  N o t e  t h a t  t h e  m o s t  d i f f i c u l t  m i s s i o n s  t h a t  may 
be accomplished by  e i t h e r  p r o p u l s i o n  sys tem i n  a g i v e n  
f l i g h t  time a r e  de te rmined  by t h e  e x p r e s s i o n s  
For low- thrus t  m i s s i o n s  employing t h e  more p r a c t i c a l  
CSI p r o p u l s i o n  system, v a l u e s  of J w i l l  be somewhat 
l a r g e r  and payload  c a p a b i l i t y  smaller  t h a n  t h o s e  a t t a i n e d  
by V S I  p r o p u l s i o n .  To estimate t h e  maximum pay load  
c a p a b i l i t y  of t h e  C S I  system f o r  a p a r t i c u l a r  m i s s i o n ,  
t h e  m i s s i o n  p l a n n e r  may choose to  o p t i m i z e  t h e  s p e c i f i c  
impulse by t h e  method of S e c t i o n  5 .2 .  
6 . 4  Miss ion  Trade-off  S t u d i e s  
The averaged t r a j e c t o r y  c o n c e p t  and the a s s o c i a t e d  
FFS e q u a t i o n s  a r e  m o s t  b e n e f i c i a l  t o  t h e  mis s ion  p l a n n e r  
t 
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i n  e v a l u a t i n g  t h e  t r a d e - o f f s  among t h e  v a r i o u s  d e s i g n  
pa rame te r s  t h a t  w i l l  de te rmine  t h e  optimum miss ion .  
For  example, t h e  s p a c e c r a f t  d e s i g n  w i l l  g e n e r a l l y  be 
i n f l u e n c e d  by  t h e  f l i g h t  t i m e  chosen fo r  t h e  mis s ion .  
Longer f l i g h t  t i m e s  w i l l  u s u a l l y  r e q u i r e  more redundant  
system d e s i g n  for  i n c r e a s e d  r e l i a b i l i t y ,  g r e a t e r  f u e l  
a l l o t m e n t  for c o r r e c t i v e  maneuvers, i n c r e a s e d  s h i e l d i n g  
f o r  r a d i a t i o n - s e n s i t i v e  components, and a d d i t i o n a l  
l i f e - s u p p o r t  equipment for t h e  crews of manned space-  
c r a f t .  A l l  of t h e s e  i t e m s  w i l l  r educe  t h e  u s e f u l  
payload ,  o r  i n c r e a s e  t h e  i n i t i a l  mass, a s  t h e  f l i g h t  
t i m e  i s  extended.  To choose t h e  best  f l i g h t  t i m e  f o r  
t h e  mis s ion ,  t hen ,  t h e  mis s ion  p l a n n e r  must know a t  
what r a t e  i n c r e a s i n g  t h e  f l i g h t  time w i l l  r educe  t h e  
p r o p e l l a n t  requi rement  and improve t h e  f i n a l  payload 
r a t i o .  The answer i s  e a s i l y  o b t a i n e d  t o  f i r s t - o r d e r  
accu racy  by  u s e  o f  t h e  averaged t r a j e c t o r y  model and 
FFS equations.  
As a n o t h e r  example, one o f  t h e  mis s ion  c r i t e r i a  
might  be t o  l and  a n  in s t rumen t  package o n  Mars a t  t h e  
e a r l i e s t  d a t e  p o s s i b l e .  
ments  i n  s t a t e - o f - t h e - a r t  p r o p u l s i o n  systems a s  a 
f u n c t i o n  of launch d a t e ,  the  mis s ion  p l a n n e r  can  w i t h  
Knowing t h e  probable  advance- 
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t he  s imple  model c a l c u l a t e  t h e  e a r l i e s t  a r r i v a l  d a t e  
a t  which t h e  mission can be accomplished w i t h  t h e  
d e s i r e d  f i n a l  payload.  The advances i n  p r o p u l s i o n  
technology and t h e  s p e c i f i e d  f i n a l  payload  de te rmine  
t h e  maximum c h a r a c t e r i s t i c  l e n g t h  c a p a b i l i t y  a s  a 
f u n c t i o n  o f  launch d a t e ;  t h e  averaged t r a j e c t o r y  model 
de te rmines  t h e  minimum c h a r a c t e r i s t i c  l e n g t h  r equ i r emen t  
a s  a f u n c t i o n  o f  launch d a t e  and a r r i v a l  d a t e .  The 
earliest  p o s s i b l e  a r r i v a l  d a t e  is t h a t  a t  which t h e  
c a p a b i l i t y  f i r s t  e q u a l s  t h e  requi rement .  
It  is  e v i d e n t  t h a t  such t r a d e - o f f  s t u d i e s  would be 
p r o h i b i t i v e l y  time-consuming i f  c a r r i e d  o u t  by d i g i t a l  
computer. The advantage of t h e  averaged t r a j e c t o r y  
model i s  t h a t  i t  p e r m i t s  t r a d e - o f f  s t u d i e s  t o  be c a r r i e d  
o u t  by t h e  a p p l i c a t i o n  o f  s i m p l e  FFS r e l a t i o n s h i p s  to  
c h a r a c t e r i s t i c  l e n g t h s  d e f i n e d  a s  f u n c t i o n s  o f  launch 
d a t e  and f l i g h t  t i m e  by t h e  i n t e r p l a n e t a r y  geometry.  
Once t h e  optimum miss ion  pa rame te r s  have been roughly  
determined by the  s imple  model, r e l a t i v e l y  l i t t l e  machine 
computation i s  r e q u i r e d  t o  p i n - p o i n t  t h e  a c c u r a t e  v a l u e s .  
A s imple  example of m i s s i o n  p l a n n i n g  w i t h  the  
averaged t r a j e c t o r y  t echn ique  i s  c a r r i e d  o u t  i n  Appendix 
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C .  The mission i s  a 100-day o r b i t e r  t ra jec tory  to 
Venus taking p lace  i n  1970. The optimal launch date 
i s  ca lcu la ted  and the b e s t  propulsion system chosen 
on the b a s i s  of payload c a p a b i l i t y .  Numerically-com- 
puted t ra jec tory  data i s  a l so  presented f o r  comparison. 
, 
CHAPTER VI1 
SUMMARY AND CONCLUSIONS 
7.1  Summarv of t h e  I n v e s t i s a t i o n  
The o b j e c t i v e  o f  t h i s  t h e s i s  h a s  been to  e s t a b l i s h  
a c o r r e l a t i o n  between t h e  p r o p u l s i o n  r equ i r emen t s  and 
p l a n e t a r y  p o s i t i o n s  r e l a t e d  t o  an i n t e r p l a n e t a r y  t r a -  
j e c t o r y ,  and t h e r e b y  to  develop  a s imple  t echn ique  for  
p r e l i m i n a r y  mis s ion  p l a n n i n g  based  on t h e  t ime-dependent 
i n t e r p l a n e t a r y  geometry. 
The g e n e r a l  a s p e c t s  o f  i n t e r p l a n e t a r y  mis s ion  
p l ann ing  are d i s c u s s e d  i n  Chap te r  I. For  l o w - t h r u s t  
mi s s ions ,  t h e  s e a r c h  f o r  optimum d e s i g n  pa rame te r s  
r e q u i r e s  t h e  g e n e r a t i o n  of l a r g e  amounts o f  t r a j e c t o r y  
data  by  d i g i t a l  computa t ion ;  t h e  p r o c e s s  is bo th  c o s t l y  
and time-consuming. Zola  h a s  s u g g e s t e d  t h a t  m i s s i o n  
p lanning  may be g r e a t l y  e x p e d i t e d  by t he  c o r r e l a t i o n  of 
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t r a j e c t o r y  p r o p e l l a n t  requirements among t h e  v a r i o u s  
modes o f  r o c k e t  o p e r a t i o n .  The c o r r e l a t i n g  parameter  
i s  t h e  c h a r a c t e r i s t i c  length  o f  each t r a j e c t o r y ,  d e r i v e d  
from t h e  t r a j e c t o r y  p r o p e l l a n t  requi rements  by t h e  appro- 
p r i a t e  e q u a t i o n  for a t r a n s f e r  i n  f i e l d - f r e e  space .  
Chapter  I1 p r e s e n t s  t h e  r e s u l t s  of d i g i t a l  computer 
s t u d i e s  f o r  t h e  h e l i o c e n t r i c  p o r t i o n s  of low- thrus t  
" o r b i t e r "  t r a j e c t o r i e s  between Ea r th  and Mars near  t h e  
1971 o p p o s i t i o n  pe r iod .  Actual  p l a n e t a r y  p o s i t i o n s  and 
v e l o c i t i e s  a s  f u n c t i o n s  of d a t e  a r e  used a s  t r a j e c t o r y  
boundary c o n d i t i o n s  t o  determine t h e  v a r i a t i o n  o f  pro- 
p e l l a n t  requi rements  w i th  launch d a t e  and f l i g h t  t i m e .  
B a l l i s t i c  t r a j e c t o r y  d a t a  is a l s o  p r e s e n t e d  f o r  s ake  
o f  comparison. 
The c h a r a c t e r i s t i c  l e n g t h s  d e r i v e d  from t h e s e  pro- 
p e l l a n t  requi rements  are d i scussed  i n  t h e  t h i r d  c h a p t e r .  
C h a r a c t e r i s t i c  l e n g t h s  from t h e  v a r i o u s  p ropu l s ion  modes 
a r e  compared f o r  a given  mission.  For d i f f e r e n t  mi s s ions ,  
t h e  v a r i a t i o n  of c h a r a c t e r i s t i c  l eng th  wi th  launch d a t e  
and f l i g h t  t i m e  i s  analyzed and compared with t h e  
t ime-dependent s e p a r a t i o n  d i s t a n c e  between t h e  launch 
and t a r g e t  p l a n e t s .  The s i g n i f i c a n c e  of  p l a n e t a r y  
a i ignments  ( o p p o s i t i o n s  o r  con junc t ions )  i s  noted.  
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Chapter  IV develops  t h e  concep t  o f  mean t r a j e c t o r y  
time by which t h e  c h a r a c t e r i s t i c  l e n g t h s  o f  i n t e r p l a n e t a r y  
trajectories a r e  c o r r e l a t e d  wi th  t h e  a s s o c i a t e d  p l a n e t a r y  
s e p a r a t i o n  d i s t a n c e s .  The mean t r a j e c t o r y  t i m e  is  i n t e r -  
p r e t e d  on p h y s i c a l  grounds,  and a s imple  method by which 
i t  may be determined f o r  any d e s i r e d  t r a j e c t o r y  i s  
p resen ted .  
The c h a r a c t e r i s t i c  l e n g t h ,  mean t r a j e c t o r y  t ime, 
and p l a n e t a r y  s e p a r a t i o n  r e l a t e d  to  an i n t e r p l a n e t a r y  
t r a j e c t o r y  a r e  combined i n  Chapter  V t o  d e f i n e  an 
averaged t r a j e c t o r y  i n  f i e l d - f r e e  space  which c l o s e l y  
approximates t h e  p r o p e l l a n t  requi rements  o f  t h e  a c t u a l  
t r a n s f e r .  Field-free space  e q u a t i o n s  a r e  then a p p l i e d  
t o  averaged t r a j e c t o r i e s  t o  c a l c u l a t e  t h e  op t ima l  
s p e c i f i c  impulse for CSI p r o p u l s i o n ,  and t o  c a l c u l a t e  
the  v a r i a t i o n  o f  p r o p e l l a n t  r equ i r emen t s  wi th  f l i g h t  
t i m e  from a f i x e d  launch d a t e .  The cor responding  d i g i t a l  
computer r e s u l t s  a r e  p r e s e n t e d  f o r  comparison. I n  
a d d i t i o n ,  an e m p i r i c a l  c o r r e c t i o n  t e r m  i s  d e r i v e d  t o  
improve t h e  accuracy  o f  a c t u a l  p r o p e l l a n t  requi rements  
c a l c u l a t e d  w i t h  t h e  averaged t r a j e c t o r y  model. 
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A p p l i c a t i o n  o f  t h e  averaged t r a j e c t o r y  model t o  
p r e l i m i n a r y  m i s s i o n  p l ann ing  is d i s c u s s e d  i n  Chap te r  V I .  
Techniques are  p r e s e n t e d  by  which t o  estimate o p t i m a l  
launch d a t e s  f o r  bo th  b a l l i s t i c  and low- th rus t  t ra jec-  
tor ies ,  a s  w e l l  a s  to compare v a r i o u s  p r o p u l s i o n  sys tems . 
on t h e  bas i s  of payload  c a p a b i l i t y .  U s e  of t h e  s imple  
model t o  s t u d y  t r a d e - o f f s  between i n t e r r e l a t e d  d e s i g n  
pa rame te r s  i s  d e s c r i b e d  and compared to  u s e  o f  t h e  
d i g i t a l  computer. 
A sample o p t i m i z a t i o n  i s  c a r r i e d  o u t  i n  Appendix 
C for  a mis s ion  t o  Venus. 
7.2 Conclus ions  
The f o l l o w i n g  g e n e r a l  c o n c l u s i o n s  concern ing  pro- 
p e l l a n t - o p t i m a l  i n t e r p l a n e t a r y  t r a j e c t o r i e s  may be 
drawn f r o m  t h e  i n v e s t i g a t i o n :  
1. The o p t i m a l  launch d a t e s  f o r  low- thrus t  
i n t e r p l a n e t a r y  mis s ions  occur  p r i o r  t o  
t h e  subsequent  d a t e s  o f  p l a n e t a r y  a l i g n -  
ment by somewhat less  t h a n  $ t h e  t o t a l  
f l i g h t  t i m e  f o r  rad ia l ly-outbound t r a -  
j e c t o r i e s ,  and by s o m e w h a t  more than  $ 
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the t o t a l  f l i g h t  t i m e  f o r  r a d i a l l y - i n -  
bound t r a j e c t o r i e s .  
2. Optimal launch d a t e s  for  two-impulse 
ba l l i s t i c  t r a j e c t o r i e s  are n e a r l y  t h e  
same as t hose  f o r  l ow- th rus t  t r a j e c -  
tories o f  cor responding  f l i g h t  t i m e s ,  
provided t h a t  h e l i o c e n t r i c  t r a n s f e r  
a n g l e s  a r e  n o t  near 180 deg. 
3 .  Low-thrust t r a j e c t o r i e s  between non- 
cop lana r  o r b i t s  i n c u r  no p r o p e l l a n t  
p e n a l t i e s  a s  t h e  h e l i o c e n t r i c  t r a n s f e r  
ang le  approaches 180 deg. 
4. Low-thrust p r o p u l s i o n  requi rements  f o r  
V S I  t r a j e c t o r i e s  d e c r e a s e  monotonica l ly  
as t h e  a v a i l a b l e  f l i g h t  time i s  i n c r e a s e d ,  
provided t h a t  t h e  o p t i m a l  launch d a t e  i s  
chosen f o r  each f l i g h t  t i m e .  
5. For low- thrus t  m i s s i o n s  s t a r t i n g  from 
f i x e d  launch d a t e s ,  there w i l l  i n  some 
c a s e s  e x i s t  a f i n i t e  o p t i m a l  f l i g h t  t i m e .  
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I 6. An o p t i m a l  s p e c i f i c  impulse ,  o r  e x h a u s t  
v e l o c i t y ,  ex is t s  f o r  e v e r y  CSI m i s s i o n ;  
it i s  un ique ly  determined by  t h e  launch 
d a t e ,  f l i g h t  t i m e ,  and  power l e v e l .  
7 .  The p r o p e l l a n t  requi rements  o f  each  i n t e r -  
p l a n e t a r y  mis s ion  may b e  reduced by  
f i e l d - f r e e  s p a c e  e q u a t i o n s  t o  a c h a r a c t e r -  
i s t i c  l e n g t h  which is  n e a r l y  independent  
o f  t h e  p r o p u l s i o n  system (observed  p r e -  
v i o u s l y  b y  Z o l a )  . 
8. The c h a r a c t e r i s t i c  l e n g t h  i s  e s s e n t i a l l y  
a f u n c t i o n  o n l y  of launch d a t e  and f l i g h t  
time, and hence  i s  unique  f o r  each miss ion:  
i t  is, i n  f a c t ,  roughly e q u a l  t o  t h e  p lane-  
t a r y  s e p a r a t i o n  d i s t a n c e  a t  t h e  mean t r a -  
j e c t o r y  t i m e .  The mean t r a j e c t o r y  t i m e  i s  
n e a r l y  h a l f  t h e  f l i g h t  t i m e ,  and r e p r e s e n t s  
t h a t  time a t  which t h e  s p a c e c r a f t  a c h i e v e s  
t h e  best  average  of  i t s  o r b i t a l  ene rgy  and 
h e l i o c e n t r i c  t r a v e l  a n g l e  o v e r  the  t r a n s f e r .  
9. The p r o p u l s i o n  requirements  of an i n t e r -  
p l a n e t a r y  t r a j e c t o r y  can be approximated 
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by those  o f  a unique averaged t r a j e c t o r y :  
t h e  averaged t r a j e c t o r y  i s  s imply t h e  
r e c t i l i n e a r  t r a n s f e r  i n  f i e l d - f r e e  space  
between t h e  p l a n e t a r y  p o s i t i o n s  a t  t h e  
mean t r a j e c t o r y  time. The approximation 
is q u i t e  a c c u r a t e  when an e m p i r i c a l  
c o r r e c t i o n  is a p p l i e d  t o  t h e  p l a n e t a r y  
s e p a r a t i o n  d i s t a n c e  i n  q u e s t i o n .  The 
e f f e c t s  of v a r i o u s  parameter  changes on 
p ropu l s ion  requi rements  can be e s t i m a t e d  
wi th  good accuracy  by app ly ing  t h e  appro- 
p r i a t e  f i e l d - f r e e  space  e q u a t i o n s  t o  t h e  
averaged t r a j e c t o r y .  
10. The averaged t r a j e c t o r y  model can be 
employed wi th  good accuracy  i n  t h e  p re -  
l i m i n a r y  s t a g e s  o f  mis s ion  p l ann ing  t o  
conduct t r ade -o f f  s t u d i e s  and t o  e v a l u a t e  
optimum d e s i g n  pa rame te r s .  Machine com- 
p u t a t i o n  o f  t r a j e c t o r y  d a t a  may t h u s  be 
l o c a l i z e d  w i t h i n  a neighborhood of t h e  
simply d e r i v e d  optimum. 
Items 8 t o  10 r e p r e s e n t  t h e  s i g n i f i c a n t  c o n t r i b u t i o n s  o f  
t h i s  t h e s i s  t o  the a r t  of i n t e r p l a n e t a r y  mis s ion  p l ann ing .  
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7 . 3  Recommendations f o r  Fur the r  Research 
. I t  h a s  been p r e v i o u s l y  noted  t h a t  t h e  averaged 
t r a j e c t o r y  model de r ived  i n  t h i s  t h e s i s  i s  a p p l i c a b l e  
o n l y  to  t h e  h e l i o c e n t r i c  phase o f  i n t e r p l a n e t a r y  o r b i t e r  
mi s s ions ,  f o r  which t e rmina l  v e l o c i t y  c o n d i t i o n s  a r e  
f u l l y  s p e c i f i e d .  
s t r a i n t  i s  p a r t i c u l a r l y  p e r t i n e n t  t o  t h e  a n a l y s i s  o f  
f ly -by  t r a j e c t o r i e s ,  t r a n s f e r s  t o  Mars v i a  Venus, and 
a tmospher ic  brak ing .  
e q u a t i o n s  a r e  e a s i l y  developed and i n d i c a t e  t h a t  s i g -  
n i f i c a n t  f u e l  s av ings  may be achieved  by r e l a x i n g  
t e r m i n a l  v e l o c i t y  c o n s t r a i n t s .  I t  i s  thus  recommended 
t h a t  t h e  averaged t r a j e c t o r y  technique  be tested f o r  
f ly-by  mis s ions  and extended or modif ied,  if necessary ,  
so a s  t o  apply .  
Relaxing t h e  t e r m i n a l  v e l o c i t y  con- 
The a p p r o p r i a t e  f i e l d - f r e e  space 
Once t h e  e f f e c t s  o f  r e l axed  v e l o c i t y  c o n s t r a i n t s  
have been determined,  t h e  averaged t r a j e c t o r y  model w i l l  
be w e l l - s u i t e d  t o  t h e  a n a l y s i s  of  p r a c t i c a l  round- t r ip  
mis s ions .  
w i th  t h e  i n t e r p l a n e t a r y  geometry should g r e a t l y  f a c i l i -  
t a t e  v i s u a l i z a t i o n  and matching o f  inbound and outbound 
t r a j e c t o r i e s  t o  f i n d  t h e  b e s t  combination. 
The c o r r e i a t i o n  o f  p r o p e l l a n t  requirements  
The p l a n e t a r y  escape  and c a p t u r e  phases  of i n t e r -  
p l a n e t a r y  mis s ions  may a l s o  p e r m i t  s i m p l i f i e d  a n a l y s i s  
i n  terms of  c h a r a c t e r i s t i c  l e n g t h  and f i e l d - f r e e  space  
equa t ions ;  f u r t h e r  i n v e s t i g a t i o n  i n  t h i s  a r e a  i s  sugges t ed .  
The f i e l d - f r e e  space  e q u a t i o n s  r e l a t e d  to  t h e  
averaged t r a j e c t o r y  might also be a p p l i c a b l e  t o  
ana lyz ing  the e f f e c t s  of  v a r i o u s  c o s t  f u n c t i o n s  on 
"opt imal"  i n t e r p l a n e t a r y  t r a j e c t o r i e s .  (For example, 
the  c o s t  might i n c l u d e  a f u n c t i o n  o f  t h e  t o t a l  f l i g h t  
t i m e ,  a s  w e l l  a s  t h e  p r o p e l l a n t  expend i tu re . )  
Another a r e a  r e l e v a n t  t o  miss ion  p l ann ing  i s  t h a t  
of s imple ,  non-optimal t h r u s t i n g  t echn iques  for low- th rus t  
t r a j e c t o r i e s .  The op t ima l  t h r u s t  programs of low- th rus t  
t r a j e c t o r i e s  nea r  t h e  d a t e  of p l a n e t a r y  a l ignment  o f t e n  
involve  t h r u s t i n g  more o r  less i n  t h e  d i r e c t i o n  of t h e  
t a r g e t  p l a n e t .  S ince  guidance schemes based on t h r u s t i n g  
d i r e c t l y  toward t h e  t a r g e t  p l a n e t  a t  a l l  t i m e s  would be 
much s i m p l i f i e d ,  i t  is  recommended t h a t  research be  
conducted t o  de te rmine  t h e  a d d i t i o n a l  p r o p e l l a n t  c o s t  
of s i m p l i f i e d  t h r u s t i n g  t echn iques .  
. 
APPENDIX A 
SPACE PROPULSION SYSTEMS 
A. 1 Genera l  P r o p u l s i o n  R e l a t i o n s  
The t h r u s t  f produced by a r o c k e t  eng ine  i n  space  
i s  g iven  by the p roduc t  o f  p r o p e l l a n t  mass f low r a t e  
 xi^ and t h e  exhaus t  v e l o c i t y  c: 
P 
Note t h a t  & 
and i s  e q u a l  t o  t h e  nega t ive  of  t h e  t i m e  r a t e  of  change 
of t h e  o v e r a l l  s p a c e c r a f t  mass m: 
i s  cons ide red  to  be  a p o s i t i v e  number, 
P 
dm 
d t  
- mp - - -  
(24-2 1 
The t h r u s t  a c c e l e r a t i o n  Q ( o f t e n  c a l i e d  t h e  s p e c i f i c  
t h r u s t )  i s  then  
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The k i n e t i c  power p of t h e  r o c k e t  e x h a u s t  is 
p=-r;.r,c I 2 
2. (A-4 
I = 5 f c  
(A-5)  
The s p e c i f i c  exhaus t  power p i s  o b t a i n e d  by no rma l i z ing  
P w i t h  r e s p e c t  t o  t h e  i n i t i a l  mass m : 
0 
(A-6 
- 1  -mat 
2 
(A-7 1 
where /n is  t h e  normalized s p a c e c r a f t  mass 
, 
The exhaus t  v e l o c i t y  is d i r e c t l y  p r o p o r t i o n a l  t o  t h e  
s p e c i f i c  impulse I of t h e  r o c k e t ;  t h e  p r o p o r t i o n a l i t y  
f a c t o r  i s  s imply t h e  s t a n d a r d  e a r t h  g r a v i t y  g .  Thus 
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A . 2  Hiqh-Thrust P ropu l s ion  Systems 
High- th rus t  p r o p u l s i o n  sys tems may be d e f i n e d  as 
t h o s e  devices producing  t h r u s t  a c c e l e r a t i o n s  of t h e  o r d e r  
o f  0 .1  g or  g r e a t e r .  Gene ra l ly  o n l y  chemica l  r o c k e t s  
and some n u c l e a r  rockets w i l l  f a l l  i n  t h i s  c a t e g o r y .  
The f i n a l  mass r a t i o s  a t t a i n a b l e  wi th  h i g h - t h r u s t  
sys tems can  be d e r i v e d  from t h e  p r o p e l l a n t  mass f l o w  
r a t e .  Combine e q u a t i o n s  (A-3)  and (A-4)  to  y i e l d  
(A-10) 
When t h e  e x h a u s t  v e l o c i t y  c i s  c o n s t a n t ,  eq. (A -10 )  
c a n  be i n t e g r a t e d  t o  y i e l d  
(A-11)  
where mf 
f l i g h t  t i m e .  The a b s o l u t e  v a l u e  of d is employed to  
i n d i c a t e  t h a t  t h e  magnitude of t h r u s t  a c c e l e r a t i o n ,  
independent  of d i r e c t i o n ,  i s  t h e  s i g n i f i c a n t  parameter .  
Def ine  t h e  i d e a l  v e l o c i t y  increment  A\/ as 
i s  t h e  f i n a l  s p a c e c r a f t  mass and tf t h e  t o t a l  
(A -12 )  
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Eq. (A-11)  can then  be r e w r i t t e n  a s  
(A-13) 
Chemical r o c k e t s  i n  g e n e r a l  a r e  c h a r a c t e r i z e d  by 
c o n s t a n t  exhaus t  v e l o c i t y .  The s p e c i f i c  energy  c o n t e n t  
of t h e  p r o p e l l a n t  l i m i t s  t h e  e x h a u s t  v e l o c i t y  t o  abou t  
Cmrs z 5000 m/scc 
f o r  l i q u i d - f u e l  r o c k e t s  and a b o u t  h a l f  t h a t  v a l u e  f o r  
s o l i d - f u e l  r o c k e t s .  The e x h a u s t  power i s  l i m i t e d  o n l y  
by t h e  maximum mass f low r a t e  o f  t h e  r o c k e t .  
Nuclear  r o c k e t s  i n  g e n e r a l  a r e  capab le  o f  h i g h e r  
exhaus t  v e l o c i t i e s  i n  t h e  range 
= 6000  to \ E , O ~ O  m / S e c  
However, exhaus t  power i s  l i m i t e d  by t h e  maximum power 
l e v e l  o f  t h e  n u c l e a r  power supp ly .  
A.3 Power-Limited P ropu l s ion  Systems 
Nuclear  r o c k e t s  and advanced e lec t r ic  (MHD, 
plasma-arc,  and i o n )  r o c k e t s  a r e  g e n e r a l l y  c h a r a c t e r -  
i zed  by t h e  requi rement  o f  a s e p a r a t e  power supp ly  such 
as a n u c l e a r  r e a c t o r  t o  p r o v i d e  energy  t o  t h e  p r o p e l l a n t .  
Consequent ly  t h e  exhaus t  power o f  t h e  p r o p e l l a n t  :-s 
l i m i t e d  by t h e  power l e v e l P s  o f  t h e  power supp ly  and 
t h e  e f f i c i e n c y  o f  power conversion w i t h i n  t h e  t h r u s t i n g  
device :  
(A-14) 
The f i n a l  mass r a t i o s  a t t a i n a b l e  w i t h  power-limited 
p r o p u l s i o n  systems a r e  de r ived  from eqs. (A-2)  t o  (A-4): 
combine t h e s e  t o  f i n d  
(A-15) 
When t h e  power l e v e l  of the power supply  i s  c o n s t a n t ,  
eq. (A-16) can  be i n t e g r a t e d  t o  y i e l d  
The eng ine  e f f i c i e n c y 7  w i l l  g e n e r a l l y  va ry  somewhat 
w i th  exhaus t  v e l o c i t y .  For purposes  of  s i m p l i c i t y ,  
however, c o n s i d e r  i t  t o  be c o n s t a n t .  Def ine  t h e  para-  
m e t e r  J by t h e  r e l a t i o n  
( A - 1 7 )  
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(Many sources  o m i t  t h e  f a c t o r  of  4 i n  t h e  d e f i n i t i o n . )  
Then eq. (A-16) becomes 
m. m, J - -  
P - 1 +  m4 (A-18)  
J = 1 + -  
? (A-19)  
Thus maximizing t h e  f i n a l  mass m r e q u i r e s  minimizing 
t h e  J i n t e g r a l .  
f 
S i n c e  t h e  powerplant  mass m g e n e r a l l y  w i l l  compose 
S 
a l a r g e  f r a c t i o n  o f  t h e  f i n a l  s p a c e c r a f t  mass, t h e  
powerplant mass f r a c t i o n  must be s i z e d  t o  maximize t h e  
f i n a l  u s e f u l  payload r a t i o  f o r  a g iven  mis s ion .  For 
t h i s  purpose,  t h e  s p a c e c r a f t  mass i s  cons ide red  t o  
S t  
consist of e s s e n t i a l l y  t h r e e  p a r t s :  powerplant  mass m 
p r o p e l l a n t  mass m and u s e f u l  payload p l u s  s t r u c t u r e  




For convenience,  d e f i n e  d a s  t h e  s p e c i f i c  mass of t h e  
powerplant and p a s  t h e  powerplan t  mass f r a c t i o n :  




Then t h e  s p e c i f i c  power of t h e  spacecraft i s  
p = -  B 
d 
(A-23) 
and e q u a t i o n  (A-19) becomes 
(A-24)  
N o t e  t h a t  t h e  p r o p e l l a n t  mass r a t i o  may be w r i t t e n  
S u b s t i t u t i o n  of (A-22) and (A-25)  i n t o  eq. (A-20)  
r e s u l t s  i n  t h e  fo l lowing  expres s ion  for  t h e  payload  
r a t io :  
- P  I - -  - mL d J  
m0 1 +F 
(A-26) 
D i f f e r e n t i a t e  eq. (A-26) with r e s p e c t  t o p  t o  f i n d  t h e  
v a l u e  of p t h a t  maximizes m /m . The optimum v a l u e  is 
L o  
(A-27)  
96 
The cor re spond ing  maximum payload r a t i o  is then  
(2) mox = ( I - 4 q L  
( A - 2 8 )  
The optimum s p e c i f i c  power is found f r o m  eqs. (A-23) 
and (A-27) to  be 
(A-29) 
Electric rockets contemplated f o r  f u t u r e  space  
a p p l i c a t i o n  appear  capab le  of g e n e r a t i n g  exhaus t  
v e l o c i t i e s  over  a very  wide range  , 1 
c = 10,000 t o  600,000 m / s e c  
A t  t h e  h i g h e r  s p e c i f i c  impulses ,  o r  exhaus t  v e l o c i t i e s ,  
t he  r e s u l t i n g  t h r u s t  a c c e l e r a t i o n s  w i l l  be ve ry  low 
because o f  t h e  power l i m i t a t i o n s .  Combining e q u a t i o n s  
(A-7 ) and (A-23) de te rmines  t h e  i n i t i a l  t h r u s t  a c c e l -  
e r a t i o n  t o  be 
The m i n i m u m  powerplant  s p e c i f i c  masses expec ted  w i t h i n  
t he  nex t  decade a r e  about  4 kg/kw. For  the range O f  
exhaust  v e l o c i t i e s  mentioned p r e v i o u s l y ,  t h e  r e s u l t i n g  
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- 3  
t h r u s t  a c c e l e r a t i o n s  w i l l  be o f  t h e  o r d e r  of 10 to  
-6 
10 g ' s .  
Cur ren t  development of e lec t r ic  r o c k e t s  i n d i c a t e  
t h a t  any p a r t i c u l a r  engine  w i l l  p robably  be c a p a b l e  o f  
o n l y  sma l l  v a r i a t i o n s  i n  s p e c i f i c  impulse.  However, 
t h e  u n r e s t r a i n e d  op t ima l  a c c e l e r a t i o n  program f o r  
l ow- th rus t  t r a j e c t o r i e s  c a l l s  f o r  v a r i a t i o n s  i n  s p e c i f i c  
impulse by f a c t o r s  of 100 or more. Thus t h e  VSI 
( v a r i a b l e  s p e c i f i c  impulse)  p r o p u l s i o n  mode r e p r e s e n t s  
an upper l i m i t  of low-thrust  performance c a p a b i l i t i e s  
which i n  g e n e r a l  w i l l  n o t  be achieved i n  p r a c t i c e .  The 
CSI ( c o n s t a n t  s p e c i f i c  impulse) mode, on t h e  o t h e r  hand, 
much more c l o s e l y  r e p r e s e n t s  t h e  c a p a b i l i t i e s  o f  p r a c t i c a l  
systems,  and w i l l  i n  f a c t  e s t a b l i s h  a s l i g h t l y  c o n s e r v a t i v e  
performance bound. 
APPENDIX B 
TRANSFERS I N  FIELD-FREE SPACE 
The dynamical r e l a t i o n s  f o r  rocke t -p rope l l ed  
t r a n s f e r s  i n  f i e l d - f r e e  space  a r e  d e r i v e d  i n  t h i s  
appendix f o r  t h e  t h r e e  p r o p u l s i o n  modes o f  i n t e re s t :  
impulsive,  VSI, and CSI. One-dimensional p o i n t - t o -  
p o i n t  t r a n s f e r s  a r e  ana lyzed ,  s u b j e c t  t o  t h e  con- 
s t r a i n t  t h a t  i n i t i a l  and t e r m i n a l  v e l o c i t i e s  be ze ro .  
These v e l o c i t y  c o n s t r a i n t s  a r e  ana logous  t o  t h o s e  
p laced  on  i n t e r p l a n e t a r y  " o r b i t e r "  t r a j e c t o r i e s ,  f o r  
which t h e  h e l i o c e n t r i c  v e l o c i t i e s  o f  t h e  p l a n e t s  must 
be matched a t  t h e  end-poin ts .  
B . l  Impulsive T r a n s f e r s  
The r e c t i l i n e a r  d i s t a n c e  t o  be t r a v e l l e d  i n  FFS 
i s  denoted by L ;  t h e  s p e c i f i e d  f l i g h t  t i m e  i s  t The 
s p a c e c r a f t  i s  a c c e l e r a t e d  i m p u l s i v e i y  from z e r o  v e l o c i t y  
f '  
a t  t = 0 t o  t h e  v e l o c i t y  n e c e s s a r y  t o  t r a v e r s e  the  
99 
I n  t h e  absence d i s t a n c e  L i n  t i m e  t 
f i e l d s ,  t h a t  v e l o c i t y  w i l l  remain cons 
f '  of e x t e r n a l  
:an I a t  t h e  v a l u e  
(B-1) 
A t  t h e  end o f  t h e  t r a j e c t o r y  t h e  s p a c e c r a f t  must be 
d e c e l e r a t e d  impu l s ive ly  t o  ze ro  v e l o c i t y .  The t w o  
v e l o c i t y  impulses  r e q u i r e d  a r e  t h u s  g iven  by 
The t o t a l  v e l o c i t y  increment AV r e q u i r e d  of t h e  pro-  
ZL - -  - t 4  ( B - 3 )  
The f i n a l  mass r a t i o  of the  s p a c e c r a f t  i s  determined 
by t h i s  v a l u e  of AV and the  exhaus t  v e l o c i t y  o f  t h e  
p r o p u l s i o n  system according t o  eq. ( A - 1 3 ) .  
When t h e  va lues  of AV and t a r e  g iven ,  t h e  
f 
d i s t a n c e  t r a v e l l e d  is, from ( B - 3 )  ; 
L = -  I 
z 
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B.2 V S I  Propu l s ion  
The p r o p e l l a n t - o p t i m a l  a c c e l e r a t i o n  program f o r  
a low- thrue t  t r a j e c t o r y  is  t h a t  which minimizes t h e  
integral  
(B-5 1 
s u b j e c t  t o  t h e  t r a j e c t o r y  boundary c o n d i t i o n s  and any 
c o n s t r a i n t s  on t h e  a c c e l e r a t i o n .  (For  VSI t r a n s f e r s  
t h e  a c c e l e r a t i o n  is u n r e s t r i c t e d . )  The optimum a c c e l -  
e r a t i o n  program is  found by t h e  c a l c u l u s  o f  v a r i a t i o n s  
approach . The problem i s  m o s t  e a s i l y  se t  up i n  t e r m s  
of  t h e  s p a c e c r a f t  v e l o c i t y  Y. The t h r u s t  a c c e l e r a t i o n  
i s  then  
3 
and t h e  d i s t a n c e  t o  be t r a v e l l e d  is 
The optimum v e l o c i t y  program is  t h a t  which minimizes 
t h e  f u n c t i o n a l  
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where h is an undetermined constant. Define the 
integrand as 
03-9 1 
The variational calculus then specifies that the following 
Euler-Lagrange equation must be satisfied: 
(B-10) 
Carrying out the indicated operation yields 
Integrating eq. (B-11) and applying the trajectory 
boundary conditions on position (t)  and velocity, 
namely, 
t =t& += 0 I 
(B-12) 
(B-13) 





N o t e  t h a t  the o p t i m a l  a c c e l e r a t i o n  program is simply 
a l i n e a r  f u n c t i o n  p a s s i n g  through z e r o  a t  t h e  mid-point  
of t h e  t r a j e c t o r y .  
s t i t u t i n g  (B-14) i n t o  (B-5) is 
The va lue  o f  J o b t a i n e d  by sub- 
(B-17) 
The f i n a l  m a s s  r a t i o  of t h e  s p a c e c r a f t  is determined 
from eq. (A-19) u s i n g  t h i s  v a l u e  of J and t h e  s p e c i f i c  
power l e v e l  p of  t h e  powerplan t .  
When J and t h e  f l i g h t  time are known, t h e  d i s t a n c e  
t r a v e l l e d  must be 
( B - 1 8 )  
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The i d e a l  v e l o c i t y  increment AV c a n  be  e v a l u a t e d  by 
i n t e g r a t i n g  t h e  
i n  eq. 03-15]. 
a b s o l u t e  value o f  t h e  a c c e l e r a t i o n  g iven  
The r e s u l t  is 
(B-19) 
It  is  a l s o  o f  i n t e r e s t  to d e r i v e  t h e  i n i t i a l  exhaus t  
v e l o c i t y  c a l l e d  f o r  by the op t ima l  a c c e l e r a t i o n  program. 
From eq. (A-7) t h e  exhaus t  v e l o c i t y  is  
(B-20) 
S u b s t i t u t i o n  of eq. (B-14) i n t o  (B-20) and s e t t i n g  t = 0 
then  y i e l d s  t h e  i n i t i a l  value: 
L c, -  
3L 
(B-21) 
B.3 CSI P r o p u l s i o n  
Po in t - to -po in t  r e c t i l i n e a r  t r a n s f e r s  wi th  C S I  
p r o p u l s i o n  systems a r e  completely d e t e r m i n i s t i c  when 
t h e  exhaus t  v e l o c i t y  and power l e v e l  a r e  s p e c i f i e d  
(L and t b e i n g  f i x e d ) .  No free parameter  i s  l e f t  
t o  be opt imized ,  a s  i n  t h e  c a s e  of V S I  p ropu l s ion .  
f 
Even t h e  c o a s t  p e r i o d  is determined by t h e  o t h e r  
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parameters. However, i t  w i l l  be shown t h a t ,  when the 
exhaumt ve loc i ty  is  not f ixed ,  an optimum value for 
each mission may be derived. 
Consider f i r s t  the case i n  which c and p a r e  both 
specif ied.  Then the  propel lan t  mass flow r a t e  and the 
th rus t  acce le ra t ion  a r e  determined from eqs. (A-3) and 
(A-4) to be 
ZP - -  
"r - C2 
(B-22) 
F ZP 
m m c  a = -  = -
(B-23) 
For s impl ic i ty ,  normalize m, and P with respect  t o  




z p = -  0 0  
/m 
a =  /Me 
(B-25) 
where t h e  sc r ip t  -'S denote the  normalized va r i ab le s  
and, a s  before,  9 = P/mo. 
the  propel lant  flow r a t e  is constant  by eq. 
the  time-varying mass can be w r i t t e n  as  




where ton does not include any coast periods. 
the acceleration magnitude by (B-25) is 
Then 
(B-27) 
Consider the rocket to accelerate from t = 0 
until t = t then to coast from t = t until t = t , 
and finally to decelerate from t = t until t = t . 
The requirements that final velocity be zero and 
distance travelled be L will determine t and t . 
1 2 
Integrating eq. (B-27) yields the following velocities 
for each time period: 
1' 1 2 
2 f 
= - c L - W  (B-28) 
(B-29) 
+ c L -  
- 1  
(B-30) 
Note that during each time period the mass is 
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Requiring t h a t  the  f i n a l  ve loc i ty  be zero i n  eq. (B-30) 




From eqs. (B-31) and (B-32) it can be shown t h a t  the 
r a t i o  of the  decelerat ing time t - t t o  the acceler-  




Since the f i n a l  mass r a t i o  i s  
where t = t - t + t i t  i s  e a s i l y  v e r i f i e d  t h a t  
the  coas t  period At, is  given by 
on f 2 I' 
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The d i s t a n c e  t r a v e l l e d  wi th in  t h e  t o t a l  f l i g h t  t i m e  tf 
is o b t a i n e d  by i n t e g r a t i n g  t h e  v e l o c i t i e s  (B-28) t o  
(B-30) ove r  t h e  corresponding t i m e  i n t e r v a l s  and summing 
t h e  r e s u l t s .  S p e c i f y i n g  the  t o t a l  d i s t a n c e  to  be L 
de te rmines  mtl (and hence m4, 
through t h e  fo l lowing  t r a n s c e n d e n t a l  equat ion:  
t and a*, ) 
tl' 2, 
Eq. (B-36) may also be w r i t t e n  i n  t h e  form 
T h i s  second form p r o v i d e s  a d i r e c t  r e l a t i o n s h i p  between 
a, and L a t  t h e  a l l - p r o p u l s i o n  lower t h r u s t  l i m i t ,  
when b t c  = 0. 
Equat ion (B-36) cannot  be so lved  e x p l i c i t l y  f o r  
mi i n  t e r m s  o f  L, t c, and p. Consequent ly  e x p l i c i t  
r e l a t i o n s  f o r  J and b\l also cannot  be d e r i v e d  i n  terms 
f ,  
of t h o s e  parameters .  However, J and AV may be e v a l u a t e d  
i n  terms o f  *I by s u b s t i t u t i n g  (B-32) i n t o  (A-19) and 
( A - 1 3 ) ,  r e s p e c t i v e l y ,  t o  y i e l d  
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The optimum exhaus t  v e l o c i t y  f o r  t h -  t r  
(B-38) 
(B-39) 
n s f e r  i s  
t h a t  v a l u e  which maximizes &4 o r  -, when t h e  pa rame te r s  
L, t f ,  and p have been s p e c i f i e d .  To de te rmine  this 
value ,  d i f f e r e n t i a t e  eq. (B-36) i m p l i c i t l y  wi th  r e s p e c t  
t o  c and se t  
The r e s u l t i n g  e q u a t i o n ,  
2 
L= -po& J--,t-) 
(B-40) 
must be  so lved  s imul t aneous ly  w i t h  eq. (B-36) t o  d e t e r -  
mine c and t h e  maximum v a l u e  o f  ai. 
o p t  
Def ine  an optimum e x h a u s t  v e l o c i t y  parameter  1 by 




Then (B-40) can be r e w r i t t e n  a s  
(B-42) 
S u b s t i t u t i n g  (B-42) i n t o  eq. (B-36) r e s u l t s  i n  a 
t r a n s c e n d e n t a l  equa t ion  i n  t h e  s i n g l e  v a r i a b l e  3 : 
- I 
D 3 3 - (1-e -23) 3 + ( I - C ' ) ~ = O  
(B-43) 
D is  a miss ion  " d i f f i c u l t y  f a c t o r "  d e f i n e d  a s  
27 L2 
8 P tr' D =  
(B-44) 
N o t e  t h a t  l a r g e r  v a l u e s  o f  L, s m a l l e r  f l i g h t  t i m e s ,  
and lower power l e v e l s  a l l  c o n s t i t u t e  more d i f f i c u l t  
m i s s i o n s  and produce l a r g e r  v a l u e s  o f  D. When L, p, 
and t a r e  g iven ,  D is eva lua ted  from eq. (B-44). 
Then 3 is c a l c u l a t e d  by  t r i a l - a n d - e r r o r  from eq. (B-43) 
u s i n g  t h i s  va lue  of D. F i n a l l y ,  t h e  r e s u l t i n g  va lue  of 
f 
3 determines  t h e  optimum exhaus t  v e l o c i t y  from t h e  




EXAMPLE OF MISSION PLANNING 
C.l D e s c r i p t i o n  of t h e  Mission 
To i l l u s t r a t e  a p p l i c a t i o n  o f  t h e  averaged t r a j e c t o r y  
model to  p r e l i m i n a r y  mis s ion  p l ann ing ,  a sample op t imiza -  
t i o n  i s  c a r r i e d  o u t  f o r  an o r b i t e r  mi s s ion  t o  Venus t a k i n g  
p l a c e  sometime dur ing  1970 o r  1971. For s i m p l i c i t y ,  a 
f i x e d  f l i g h t  t i m e  of 100 days is assumed. I t  is  d e s i r e d  
t o  de te rmine  t h e  optimum launch d a t e ,  and t o  compare t h e  
payload c a p a b i l i t i e s  o f  a p re sen t -day  chemica l  r o c k e t  and 
a proposed electric r o c k e t  o f  v a r i a b l e  s p e c i f i c  impulse.  
The s p e c i f i c  impulse of t h e  chemica l  r o c k e t  i s  400 sec.; 
the  s p e c i f i c  mass o f  t h e  low- th rus t  powerplan t  i s  4 kg/kw. 
Only t h e  h e l i o c e n t r i c  p o r t i o n  of  t h e  t o t a l  t r a j e c t o r y  i s  
cons idered .  
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C . 2  Optimal Launch Date 
It i s  known t h a t  t h e  op t ima l  launch d a t e  w i l l  occu r  
a t  approximate ly  h a l f  t h e  f l i g h t  t ime,  or 50 days ,  p r i o r  
t o  a c o n j u n c t i o n  o f  Ea r th  and Venus o c c u r r i n g  i n  1970 or 
1971. It i s  determined from Reference 16 t h a t  a conjunc-  
t i o n  o c c u r s  a t  J. D. 244 0900.8, o r  10.3 November, 1970. 
The op t ima l  launch da te  w i l l  be determined by t h e  
mean t r a j e c t o r y  t i m e  o f  a t y p i c a l  t r a j e c t o r y  launched 
abou t  50 days p r i o r  t o  con junc t ion ;  t h e  mean t r a j e c t o r y  
t i m e  for t h i s  t r a j e c t o r y  is c a l c u l a t e d  by t h e  method 
o f  S e c t i o n  4.2.  The r a d i a l  d i s t a n c e  of  t h e  Ea r th  from 
t h e  sun a t  J. D. 244 0850.8 is r = 1.004 a .u .  That  
of Mars a t  J. D. 244 0950.8 i s  r = 0.719 a .u .  B y  eq.  




2 r  r - r = L T = 0.835 a.u.  
r r  
L T  
The f r a c t i o n a l  r a d i a l  t r a v e l  o f  t h e  s p a c e c r a f t  t o  t h i s  
p o i n t  is 
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From F i g u r e  18, f i n d  t h e  co r re spond ing  r a t i o  of  mean 
t r a j e c t o r y  time t o  t o t a l  f l i g h t  t i m e :  
t* = 0.56 -
t f  
Thus t h e  mean t r a j e c t o r y  t i m e  i e  roughly  56 days: t h e  
opt imal  launch d a t e  then  o c c u r s  approximate ly  a t  
To = T - t* = J. D. 244 0844.5 
L con j 
As sugges ted  a t  t h e  end o f  S e c t i o n  4.2,  t h e  
p o s i t i o n  o f  average  h e l i o c e n t r i c  a n g u l a r  momentum may 
a l s o  be s i g n i f i c a n t  i n  t h e  d e t e r m i n a t i o n  of mean t r a -  
j e c t o r y  t ime. The p o s i t i o n  of average  a n g u l a r  momen- 
t u m  is determined by ave rag ing  rf between t h e  launch 
and t a r g e t  p o i n t s .  Performing t h i s  o p e r a t i o n  wi th  t h e  
given v a l u e s  o f  r and r y i e l d s  a somewhat d i f f e r e n t  
average r a d i a l  d i s t a n c e :  
L T 
- 
r '  = 0.853 a .u .  
Repeating t h e  p reced ing  p rocedure  y i e l d s  t h e  f o l l o w i n g  
results : 
t.* - = 0.52 
113 
= J. D. 244 0848.5 T; 
The r e s u l t i n g  op t ima l  launch d a t e s  a r e  r easonab ly  c l o s e  
t o  one ano the r .  The a c t u a l  v a l u e  is probably  somewhere 
i n  between: hence,  assume t h e  op t ima l  launch d a t e  to  be 
To = J. D. 244 0846.5, and t h e  mean t r a j e c t o r y  t i m e  t o  
be t* = 54 days.  
L 
c.3 Payload C a p a b i l i t i e s  
The c h a r a c t e r i s t i c  l eng th  of t h e  averaged t r a j e c t o r y  
co r re spond ing  t o  t h e  op t ima l  launch d a t e  i s  approximate ly  
e q u a l  t o  t h e  p l a n e t a r y  s e p a r a t i o n  d i s t a n c e  a t  
t i o n  d a t e :  t h i s  v a l u e  is L = 0.268 a.u. The 
g 
t h e  conjunc-  
emp i r i c  a 1 
c o r r e c t i o n  term developed i n  S e c t i o n  5.3 may be  a p p l i e d  
t o  L i n  o r d e r  to o b t a i n  a more a c c u r a t e  approximation 
t o  t h e  a c t u a l  minimum c h a r a c t e r i s t i c  l e n g t h .  The c o r r e c t e d  
c h a r a c t e r i s t i c  l e n g t h  is given by eq. (5-28): 
9 
where f o r  t h i s  example J i s  e q u a l  t o  t h e  average  of t h e  
mean angu la r  motions of Earth and Venus. These va lues  
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a r e ,  r e s p e c t i v e l y ,  n = 0.0172 rad/day and n = 0.0279 
rad/day . Thus, choose 
E V 
- 
W = $ (nE + n ) = 0.0226 & 
day 
V 
S u b s t i t u t i n g  t h i s  v a l u e  o f  z a n d  t = 100 days i n t o  
f 
Lo z Lo (1 - 0.146) = 0.229 a .u .  
C 9 
The p r o p e l l a n t  requi rements  of each p r o p u l s i o n  mode 
can now be e v a l u a t e d  from L . For  t h e  chemical  r o c k e t ,  
t h e  r e q u i r e d  i d e a l  v e l o c i t y  increment  is  e v a l u a t e d  from 
C 
eq. (B-3) with L = Lo: 
C 
A\l = & = 0.00458 u- 
t day 
f 
= 7950 m/sec 
The exhaus t  v e l o c i t y  cor responding  to  the s p e c i f i c  impulse 
I = 400 sec i s  
SP 
c = I g = 3920 m / s e c  
SP 
Then, from eq. (A -13 ) ,  t h e  f i n a l  mass r a t i o  i s  
-2 .03 
hV 'C = 0.132 - =  Ir14 e = e  
mo 
The f i n a l  payload r a t i o  i s  g iven  by eq. (6-4) a s  
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The mass f r a c t i o n  m /m of t h e  engine  w i l l  be between 
0.05 and 0.10. Taking t h e  lower v a l u e ,  one f i n d s  t h e  
f i n a l  payload r a t i o  t o  b e  
e o  
m 
- = 0.082 
m 
0 
The payload r a t i o  o f  t h e  advanced p ropu l s ion  system 
Use L = Lo aga in  t o  determine J from is e v a l u a t e d  next .  
C 
The s p e c i f i c  mass of t h e  powerplant i s  d = 4 kg/kw. 
From eq. (A-28) t h e  maximum payload r a t i o  is then 
To ach ieve  t h e  maximum payload r a t i o ,  t h e  powerplant  mass 
f r a c t i o n  e 
g iven  by eq. (A -27 ) :  
must be  chosen to  e q u a l  t h e  optimum va lue  
= d z  - d T  = o - \ d s  p,t 
The s p e c i f i c  power l e v e l  of t h e  powerplant  from eq. (A-23)  . 
ku = 0.0413 P 2"=z 
is then 
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I t  i s  e v i d e n t  by comparison o f  t h e  f i n a l  payload 
c a p a b i l i t y  o f  t h e  two p r o p u l s i o n  sys tems t h a t  t h e  low- th rus t  
VSI r o c k e t  i s  f a r  s u p e r i o r  t o  t h e  chemica l  r o c k e t  f o r  t h e  
d e s i r e d  mis s ion  to  Venus. 
C . 4  Comparison wi th  Computer R e s u l t s  
F igu re  20 shows t h e  v a r i a t i o n  of c h a r a c t e r i s t i c  l e n g t h  
with launch d a t e  f o r  a c t u a l  b a l l i s t i c  and VSI t r a j e c t o r i e s  
t o  Venus. Note t h a t  t h e  optimum launch d a t e  i s  e s s e n t i a l l y  
the same a s  t h a t  de te rmined  by t h e  s imple  model. The 
m i n i m u m  v a l u e s  of  c h a r a c t e r i s t i c  l e n g t h  a r e  
( Impuls ive)  Lo = 0.242 a .u .  
(VSI) Lz = 0.234 a .u .  
C 
The e m p i r i c a l l y  c o r r e c t e d  v a l u e  from t h e  s imple  model i s  
thus  about  5% t o o  low f o r  t h e  impu l s ive  t r a j e c t o r y  and 2% 
too low f o r  t h e  VSI t r a j e c t o r y .  The minimum v a l u e s  of 
A\l and J a r e  
AV = 0.00485 2 = 8420 m/sec 
day 
-6 au2 = 0.0114 m 2 , J = 0.329 x 10 . 
day’ secJ 
The cor responding  f i n a l  payload  r a t i o s  a r e  
117 
( Impu l s ive )  m m 
m m 
= 0.067 e = 0.117 - __ 
0 0 
_I 
(3 max = 0-619 
The a c c u r a t e  computer r e s u l t s  a r e  i n  p a r t i c u l a r l y  good 
agreement wi th  those  of the averaged t r a j e c t o r y  model 
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